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A CRITERION FOR UNIQUE SOLVABILITY OF A MULTIPOINT
BOUNDARY VALUE PROBLEM FOR SYSTEMS OF INTEGRO-DIFFERENTIAL
EQUATIONS WITH INVOLUTION

On the interval [0, T], a multipoint boundary value problem is considered for the systems of integro-
differential equations with an involution transformation, when the kernel of the integral term is degenerate.
Using the involution property, the problem is reduced to a multipoint boundary value problem for the
systems of integro-differential equations with a degenerate kernel. It is shown that by introducing new
parameters, changing variables and using the degeneracy of the kernel, the unique solvability of the
original problem can be reduced to the inversibility of the resulting matrix.

Key words: boundary value problem, system of integro-differential equations, involution, involutive
transformations, parameterization method.

Introduction. It is known that many processes with aftereffect are described by integro-
differential equations, for example, mechanics of a deformable solid, the theory of behavior
of polymer materials, etc. The problem of e solvability of integro-differential equations is
considered in the works of many authors [1-4].

Although numerous works have been devoted to the study of the solvability of boundary
value problems for integro-differential equations, many questions of the qualitative theory
still remain unsolved. On the basis of research in this field in 1989, Professor D. Dzhumabaev
founded and proposed a method of parametrization [5], which was later applied to the
study of boundary value problems for systems of integro-differential equations [6]. Various
boundary value problems were considered using the parametrization method in [7-11].

In this paper we consider the boundary value problem on the interval .

dx(t) , dx(a(t))

S Z jcpk(t)w (s)x(s)ds + f (1), tCforr], (1)
YBX©®)=0 .deR", @

0=0,<6,<...<0,,<6, =T,

where matrices ¢ (t), W, (S) and » - dimensional vector function f(¢) are continuous on
[0, T]. Here a(¢) is the homeomorphism o : [0 T] - [O T] changing orientation such
that o®(t) = (o)) = t . Such homeomorphism is called an involution transformation.
On the interval [0, 7], as such a transformation, we can consider the homeomorphism
at)=T-t.
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The problem of solvability of various differential equations with involution is discussed
in the monograph of D. Przeworska-Rolewicz [12] and by J. Wiener [13]. W.B. Fite [14]
described the properties of solutions to the equation with reflection o.(t) = A—t . Further, the
properties of this homeomorphism were studied in the works of G.S. Litvinchuk [15], N.K.
Karapetyants and S.G. Samko [16]. In [17, 18], spectral problems for differential equations
and operators of the first and second orders with involution were studied. A series of works
of Alberto Cabada and F. Tojo is devoted to the development of the theory of Green's func-
tion of one-dimensional differential equations with involution [19, 20].

Let us consider the values of equation (1) in the point t = o(t) .

dx(gt(t» dx(t) ZJ O (@O (s)x(s)ds + F(a(®) te[0,T],

From the system
@((t) dX(O( t) _
|:P|

%((;(t)) dX(t) Zj’(pk(a(t))lp ()X (s)ds + f(a(t)),

Zj'tpk(t)lb ((s)x(s)ds + £ (1),

Multiplying the second equation by the matrix — A on the left side, and adding the equa-
tions, we get

[1-a]20 - 3 [[60(0) — A-6, (o), (x(5) s + [ ) AF ()]

k=1

Suppose that the matrix [' - AZ] is not degenerate, then the boundary value problem
(1), (2) can be written as:

lecpka)w (s)x(s)ds+ (1), t CfoT], 3)
Y Bx(6)=d .deR", @)

0=06,<6,<...<6,,,<06, =T,
where &, (1) =[1 - A?] " [0,®) - A-0, (a®)] , T (1) = [1- A" [ £ - Af ()],

Researchmethodologyandresults.Letustakeanaturalnumberl € N andmakeapartition

m(1+1) e _9. ) .
with respect to it: [0, T) = U [t ), where tigansj = tigey + L i=0,m-1,j=11+1,

r=1 I
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Suppose that x(¢) is a solution of equation (1) and x (7) is its narrowing in the » — th inter-
val [tr_l,tr), r=1, m(I +1) ,ie X (1) = X , t I:[]Jl, ), r =1,m(T1) . Then the system
Of functions x([t] = (x,(£) X, (t)..Xy s, (1)) belongs to the space CAOT] Apgpy R™)
and its elements Xr (1), r=1Lm(+1) are continuous in [tr_l, t, ), r= 1,m(T1) nand have

finite left-hand limits t'_!t”] o % () mpu " =Lm(+1)  with the norm

[x[]], = max sup Tl

r=1,m(I+1) {¢

Then problem (3), (4) is reduced to the equivalent problem:

dx m(+1) N

s ZI‘Pk(U‘“ (O (s)ds+ T (1), teft,,t), r=Imi+l) (5

tja

m-1

Z Bi Xi(|+1)+1(ti(l+1)) + t[imo Xm(l+1) (t) = d (6)

lim x (t)=x.,(t), s=L..m(I+1)-1, (7

t—t;-0

where (7) is the condition of continuity of the solution in the internal points of the partition
of the interval [0, 7).
Let us introduce the notations A, = X, (t,_;), r=1,m(I+1) Anqisayn = JIM X (t) and

in each interval t €[t, ;,t,) make a substitution X, (1) =Uu (1) + A, r=1, m(l +1) . Then the
boundary value problem (5) - (7) will be written as:

du 01 chpk(t)w &)(u; (s)+ A, )ds+ T (1), teftt,), r=Lm(i+1) (8

=1

u(t_)=0, r=1m(l+1) (9)

m

z BAigay =d (10)

i=0

7”5+tﬂt5”]ous(t):7‘ s=1m(l1+1) . (11)

s+17?

where (11) are the conditions for continuity of the solution in the internal points of the
partition By
The solution to problem (8) - (11) is the system of pairs (X, u [t]) with elements

1= O R U= (00 (0t () 0T 8 R

where functions u, (t) are continuously differentiable in [tr_l, r) r=1, m(l +1) and for
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A, =A;, r=1,m(I+1) satisfy the system of integro-differential equations (8) and conditions
9), (10).
If the system of functions x[t] = (xl(t), X, (t),..., X1+ (t)) is a solution to problem (5)

- (7). then the pair (1,u[t]) » Where 2= (t,), %, (1) Ko (tr2). M Ko (8)

t—>T-0
u [t] = (Xl (t) - X (to)1 X, (t) =X (t1)11 Xn(i+1) (t) = Xna+) (tm(l+1)—l)) will 'be a solution
to problem (8) - (10). And vice versa, if the pair (;1,[]['[]) is a solution to problem (8)
- (10), then the system of functions )?[t] defined by the equalities X, (t) = +0, (t) ,

[tr_l,t ) r=1m(+1), X( ) 7\m(|+1)+1 is a solution to the original boundary value problem
(5)- ().
Introduction of additional parameters makes it possible to obtain the initial data (9). Now,

for fixed values of parameters A € R"™"*Y*Y | the system of functions u[¢] can be determined
from the special Cauchy problem for the systems of integro-differential equations (8) and (9)

tmi+) N U

u, (t) = IZ Zf(pk(T)LlJ ((5) e (s) +Aj@sdr+jf(r)dn t il.t), r=1m(+1). (12)

1t1

Let us introduce the notation:
Wy = z J‘ Wy (S)Uj (S)ds (13)

and rewrite the system of integral equations (12) as:

tmi+) N 4

U, (t) = jzmk(r)ukdﬂjz chpk(r)w S\ dsd T+

1t1

(14)
+If 1)dT, teft .t ), r=1m(+1)

Multiplying both parts of(l4)by\|li( ) integrating overthe interval [tr o ) and summing

over r, we obtain a system of linear equations with respect to 1 = (;,Ll,uz sy ) eR™

m(l+1) t m(l+1) §

j v (U, (de= 3, Iw O] 8, (w)ndm, +

rl 1k—l

m(|+l) t m(l+1) m(1+1) t

Il]J (t)IZ(pk(Tl)dr dt 2 IljJ (s)Ads + z J'qJ (T)J'f dr dt
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or
N m(l+1) o
:;Gi.k( mit+) b 1)Hk + Z Vi ( m(1+1) 7 ' 1)7\' +G; ( m(I+1)'tr—1)’ i=LN. (15)
=1
where
m(l+1) T T _
Gix (Am(lﬂ)’tr—l) = 2 J \Ifi(‘C)J. 0, (’Cl)dtld’c ,k=1N
r=1 [ ty
mi+) N Y
Vie (Apgitia)= 2 D W, (r)jcpk )dt drjwk(s)ds r=Lm( +1)
j=1 kzltH ty t
m(l+1) & T
g| m(l+1) ' —1) \If, J f d’C dt .
r=1 ty t,
Using matrices G, (Am(lﬂ),tﬂ) VA (Am(l+l)'tr—l) we can combine matri-
ees G(Am('+1) ’tr-l) = (Gi-k (Am(|+1)’tr—1)) ’ \ (Am(l+1) ’tr—l) = (Vi.r (Am(l+1) ,tr_l)),

i=LN, r=1Lm(+1) of dimensions nN x nN, nN x nm(l + 1) respectively, and write
system (15) as

m(l+1)

|:| -G (Am(|+1), )]M 2 V ( m(l+1) ,tr_l)k +0 (Am(|+1)!tr—1)

where [ — is a unit matrix of n/NV dimension,

g(Am(Hl)' r— 1) (gl( I+l)' T 1) gz( m(l+l)' r- l) ’gN( m(Iﬁ-l)’tr—l))e RnN :

Definition 1. Partitioning A, is called regular if the matrix | —G(Am(|+l),tr_l) is
reversible.
Let (5( N,[0,T ]) denote a set of regular partitions A,y from [O,T] for equation (5).

Definition 2. The special Cauchy problem (8), (9) for a Fredholm integro-differential

equation is called uniquely solvable if for any ), ¢ R"™**Y f (t (t)e C([O T].A R”) it
has a unique solution.

The special Cauchy problem (8), (9) is equivalent to the system of integral equations
(12). Due to the degeneracy of the kernel, this system is equivalent to the system of algebra-

m(l+1)?

ic equations (15) with respect to u= (ul,uz,...,uN )€ R™ . Therefore, the special Cauchy
problem is uniquely solvable if and only if the partition An.1 generating this problem is
regular. Since the special Cauchy problem is uniquely solvable for sufficiently large | € N |
the set G(N,[O,T]) is not empty.
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sy € ( ,[O,T]) and represent [I_G(Am(lﬂ)'tr—l)]_l as

[I —G(Am(lﬂ),trfl)] = Mk|( I 1) k,i=LN , where M, , (A t ) are square

m(l+1) ? "r-1

Let us take A,

matrices of dimension nN. Then, according to (15), the elements of the vector peR"™ can be
determined by the equalities

m(l+1) N N -
2 ZM ( m(l+1)? r)Vi.j(Am(IJrl)'tr);\’j +2Mi.p(Am(l+1)'tr)'gp(Am(Hl)’tr)’ I =1’ N (16)
j=1 p=1 p=1

Substituting the right-hand side of (16) into equality (13), we obtain functions u, (t) in
terms of Aj, j=1m(l+1)

m(l+1) N t N
ur (Am(lﬂ) ’tr—l’t) = 2 ZJ‘({)k (T)d’f|:2 M k.p (Am(l+1) ’tr—l) 'Vp.j (Am(l+1) ’tr—l) +
j=1 p=ly, p=1
£ ] Nt N to
+ I Wy (S)dsmj + Zj¢k (T)d‘[z MkAp (Am(l+1)’tr—1) @p (Am(l+l) 'tr—l) +I f (T)d‘[, (17
tia E =1%, p=1 [#

Let us introduce the notations:

Nt
Dr ( m(l+1) ’ r-11 ) 2 J. k { kp(Am(I+1)'tr—1)VpJ m(l+1) ' r 1 J.\IIk

k= 1tr1

r,j=1m(l +2) (18)

t

N t
Fr( m(I+1)’ r— 1' 2_[ k Am(I+1)’tr 1) m(I+1)' r— 1 +J T' (19)

k=1t , :1 t

T

Then formula (2.17) will be written as

m(l+1)

Ur( m(+1) L ) Dy ( m(+1) 2 Lo )7L +F( m(I+1)'tr—1’t)’ r=1Lm{+1). (20)

=1

Having determined the limiting values lim u, (t), "= Lm(I+1) | we substitute them
t—t, -0

into the boundary continuity condition (11). Then we obtain the following system of linear

algebraic equations in parameters Aor=1Lm(l+1)+1.

Z BAigy =d (21)
i=0



134 Becmnux Hayuonanvhoti unsceneproi akademuu Pecnyonruxu Kazaxcman. 2022, Ne 3 (85)

m(1+1)

?\‘ + 2 ( m(l+1)? s 1 )7\‘ 7\‘ S(Am(l+l)'ts—1'ts)’ S =1’m(| +1) . (22)

If we denote the matrix corresponding to the left-hand side of the system of equations
(22),(23) as Q, (Am(Hl)) , then the system can be written in matrix form:

Q. (Angy ) A ==F.(Ayguy it ), AeRMD (23)

where F*( m(1+1) ) ( d E ( m(|+1),t1), ) Fm(|+1) (Am(|+1):T)).

Definition 3. Problem (3), (4) is called uniquely solvable if for any pair ( f (t) , d) it has
a unique solution x(t) .

From the above, it follows:
Theorem 1. Let the matrix [| - AZ] be not degenerate, then the boundary value
problem (1), (2) is uniquely solvable if and only if the matrix Q, ( nl 1)) is invertible for

any A . €c(N,[0,T])-
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WHBOJIIOLIUSICHI BAP UHTET PAJIJIBIK-IU®®EPEHIIUAJIIBIK
TEHJIEJIEP )KYWUEJEPI YIIIH KON HYKTEJI INETTIK ECENTIH,
BIPMOH/I IEMLIIMALTITTHIH KPUTEPUSICBI

[0, T] kecinodicinde unmezpandvik MyuieHiy epexuie OoneaH Hca20aiod UHEOIOMUSMIK MypieHoipyi 6ap
uHmMezpanobiK-ouphepeHyuanobiy meyoeynep Hcyuenepi yulin Kon Hykmesi wemmik ecen KapacmulpblLidobl.
Hneonoyus Kacuemin natioanana omvipbin, GACManKbl ecen epexuie sopoibl UHmMeepaioblk-0ughpeperyuanobix
menoeyiep xcylienepi yulin Kon HyKmei ulemmix ecenmepee Kenmipineoi. Ilapamempnepoi eneizy scate aii-
HOIMATBIIAPObL AIMACBIPY, COHLIMEH KAmap sIOPOHbIY epeKuenicin nauoanany apkwlivl OACmankpl ecenmiy
OipManOI wewinimoiniei bacmankvl bepinimoep MaHOepiHeH mayenoi MampuyaHbly Kepi MampuyacsiHviy 6ap
boyviHa Kenmipineo.

Tyitin ce3dep. wemmik ecen, uHmezpanobik-OuphepeHyuanovlK meyoeynep Heyueci, UHBONOYU,
UHBOTIOMUBMIK MYypleHdipyiep, napamempiey 20icCi.
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KPUTEPU OJHO3HAYHOM PASPEIIMMOCTHA MHOTOTOYEYHOMN
KPAEBOM 3AJIAYM JIJISI CACTEM UHTEI'PO-TU®DPEPEHIIMAJIBHBIX
YPABHEHWH C UHBOJIIOIIUEN

Ha ompeske [0, T] paccmampusaemcs mHoeomoveunas kpaegas 3adada OJisl cUCmeM UHmezpo-
oughpepenyuanbHblx ypasHeHuil ¢ UHBOIIOMUBHBIM NPeodPaA308anHuem, K020a 10po UHMeZPAIbHO20 Yile-
Ha A6TIAEMCsl 8bIPOANCOCHHBIM. HICnONb3ys c60UCmE0 UHBONIOYUL, 3a0aud COOUMCS K MHO2OMOYEYHOU
Kpaesoti 3adaue 0iisi CUCeEM UHMeSPO-OUPDEPEHYUANbHBIX YPABHEHULL C BbIPONHCOEHHbIM A0poM. Beeost
napamempul u GbINOMHASL 3AMEHY NEPEMEHHBIX, A MAKI’Ce UCNONb3YS BbIPOICOCHHOCHb S0P, 0OHO3ZHAY-
Has paspeuumocis UCXOOHOU 3a0auu CGOOUMCA K 0OPAMUMOCHIU MAMPUYbI, 3ABUCAUYE20 O UCXOOHBIX
OaHHbIX.

Kniouesvie cnosa. kpaesas 3aoaua, cucmema unmezpo-ough@epeHyuanrbHbix ypasHeHull, UHGONIOYU,
UHBOTIOMUBHBLE NPEOOPAZ0BANUS, MEMOO NAPAMEMPUIAYUL.



