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AFFINE AUTOMORPHISMS OF THE UNIVERSAL
MULTIPLICATIVE ENVELOPING ALGEBRA OF THE TWO-DIMENSIONAL
LEFT-SYMMETRIC ALGEBRA WITH ZERO MULTIPLICATION

We construct the basis of the universal multiplicative enveloping algebra of the left-symmetric algebra.
We also describe the affine automorphisms of the universal multiplicative enveloping algebra of the two-
dimensional left-symmetric algebra with zero multiplication.
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Introduction. An algebra 4 over an arbitrary field £ with a bilinear product x - y is called
a left-symmetric algebra, if the identity

(xy)z = x(yz) = (y9)z - y(x2) (1)

is satisfied for any X,y,z€ A. In other words, the associator (X,¥,2) = (Xy)Z = X(yz) is
symmetric with respect to x and y i.e.,

(x,y,2) = (Y. X, 2).
If instead of the identity (1) the identity

(xy,2)=(x2,y)

is satisfied for any x,y,z € A, i.e., the associator (X, Y,Z) is symmetric with respect to y and
z then an algebra 4 is called a right symmetric algebra.

The variety of left-symmetric algebras is Lie-admissible, i.e., every left-symmetric
algebra 4 with respect to the operation [X, Y] = Xy — yX is a Lie algebra. The identity (1) can
be rewritten as

[x.y]z = x(yz) - y(x2).
Direct calculation gives the Jacobi identity
[[x. 1. 21 +[Ly.z]. x] +[[z, ], y] = 0.

The Lie algebra constructed in this way will be denoted by AD.

In 1994, D. Segal constructed the basis of the free left-symmetric algebra [1]. In the same
work, he constructed the universal enveloping left-symmetric algebra of the Lie algebra and
proved an analogue of the Poincare-Birkhoff-Witt theorem. Some properties of the basis
and identities of right-symmetric algebras were studied by A. Dzhumadildaev [2, 3].

It is well known that automorphisms of the polynomial algebra k[X, y] are tame [4, 5].
Moreover, the automorphism group Aut(K[X,y]) of this algebra admits the amalgamated
free product structure [5, 6], i.e.,
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Aut(k[x,y]) = A%, B,

where A is the affine automorphism subgroup, B is the triangular automorphism subgroup,
and C=AnB. Similar results hold for free associative algebras [6, 7], free Poisson
algebras in characteristic zero [8]. Moreover, the automorphism groups of these algebras
are isomorphic to the automorphism group of the polynomial algebra.

In 1964, P. Cohn [9] proved that all automorphisms of finitely generated free Lie
algebras over an arbitrary field are tame. J. Lewin [10] extended this result for free algebras
of Nielsen-Schreier varieties. Recall that the varieties of all nonassociative algebras [11],
commutative and anticommutative algebras [12], Lie algebras [13, 14] and Lie superalgebras
[15, 16] over a field are Nielsen-Schreier.

In the work [17] L. Makar-Limanov, D. Kozybaev, U. Umirbaev proved that the
automorphisms of the free right-symmetric algebra of rank two are tame. A. Alimbaev,
A. Naurazbekova, D. Kozybaev [18] showed that the automorphism group of this algebra
admits the amalgamated free product structure. Using this structure, they also proved the
linearizability of the reductive automorphism group and the triangulation of locally nilpotent
derivations of the free right-symmetric algebra of rank two in the case of characteristic
Zero.

The automorphism groups of polynomial algebras [19, 20, 21] and free associative
algebras [22, 23] in three variables over a field of characteristic zero cannot be generated by
all elementary automorphisms, i.e., wild automorphisms exist.

Using the Grobner-Shirshov bases methods, D. Kozybaev, U. Umirbaev [24] constructed
the basis of the universal multiplicative enveloping algebra of the right-symmetric algebra.
In the same work, they proved an analogue of the Magnus embedding for right-symmetric
algebras.

The paper is organized as follows. In section 2, we rewrite for the left-symmetric
algebra the result of D. Kozybaev, U. Umirbaev [24] on the basis of the universal
multiplicative enveloping algebra of the right-symmetric algebra. In section 3, we describe
the affine automorphisms of the universal multiplicative enveloping algebra of the two-
dimensional left-symmetric algebra with zero multiplication. The question of describing
all automorphisms of this algebra remains open. Although it was easy to notice that the
automorphism groups of the left and the right universal multiplicative enveloping algebras
of the two-dimensional left-symmetric algebra with zero multiplication are tame.

The basis of the universal multiplicative enveloping algebra. Let 4 be a left-
symmetric algebra over an arbitrary field £ Denote by U(A) the universal multiplicative
enveloping algebra [25] of the algebra 4 and denote by | ,r, €U (A) the universal operators

of left and right multiplications by x where X€ A (I, () = xa,r,(a) = ax). Recall that U(4)
is an associative algebra with 1 generated by the operators of left multiplication | and right
multiplication » where X €& A The identity (1) directly implies the defining relations of the
algebra U(A):

L, =LL =1, rl-Lr-rr+r,=0, xyeA ()

The linear basis of the algebra is described by the following
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Theorem 1. Let 4 be a left-symmetric algebra with linear basis X, X;,..., X,.... Then
the basis of the universal multiplicative enveloping algebra U(A) of 4 consists of words of
the form

Ll ol T bt 3)

where j, <, <...<,, s,t=0.

Proof. By definition, U(4) is the associative algebra with generators I, I, ,i21, and
defining relations

bl ~hly ~lxa =0 0>k, 4
rXJ IXk - IXk rXJ - r)(J r)(k + erXJ = O' (5)
Put
I, <l <...<l <..<r <r <..<r <..
Let U,9 be arbitrary associative words in the alphabet I, ,1, ,....I, ,....r, .1, ,.... Put

u<vd if one of the following conditions is true:
1) d, (u) <d,(9), where d, is the length function in the variables (W
2)d,(u)=d,(®), d(u)<d(d), where d is the general length function in the variables

l.r.;
3)d,(u)=d,(9), d(f)=d(g), uprecedesd with respect to the lexicographic order
from left to right.

With respect to the order <, the leading terms of the left-hand sides of equalities (4)
and (5) are words of the form I, I, (j>k), rl,  (for all i, k). Therefore, they form a
composition [26; 53-55] with the bases @, = L L d  T>k>i and , =r. 1 I, for;j>k
Compute these compositions (below the comparison = means equality module terms with
leading terms < ®;, 1=1,2)[26]:

Casel.oo, =111 j>k>i We have

Xj %%

(Ixj ka - kalxj - I[xj,xk])lxi - Ixj (kalx- - Ixi ka - I[xk,xi])

1
= - - + +
IXkIXjIXi I[lexk]lxi Ilexilxk Ixj I[kaxi]

= _ka (Ixi Ij + I[xj,xi]) - I[xj ,xk]lxi + (Ixi Ixj + I[xj,xi])lxk + Ixj I[xk,xi]

S N T Y B A FN R

X X - X [Xj.%1 - [X5. % 1% [, 1" % i %]

= _(Ixi ka + I[Xk!xi])lxj + Ixi (ka Ixj + I[vaxk]) - IXk I[ijxi] - I[ijxk]lxi + I[Xjrxi]IXk + Ixj I[Xk!xi]
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= _lxilxklxj _I[kaxi]lxj + lxilxklx +1 I[X %1 |Xk I[lexi] _I[vaxk]lx’ + I[Xjrxi]IXk + Ixj |[ka)<i]

Xj %% 1 [X X% 17%;

+1 ol =1L +1.1

[x5.% 17 % X [Xj.%1 X [Xj %] -1 I

X% 1%

I, o+ g1t Do
= I[xi,[xj,xk]1+[x,-,[xk,xi1]+[xk D4l = l,=0.

Case2. 0, =11 I, j>k. Wehave

rxi (Ixj ka - ka Ixj - I[xj,xk]) - (rxi Ixj - Ixj rxi - r><i rxj + r‘xjxi )ka

=-rl 1 -rl +Ir|+rr| |

X X X; X [X.%] Xj % xx Xi

(ka r, +1.r —rxkxi)lxj +IXj (IXk r,+n0r, — rxkxi)+ r (ka n, + 00 =T )

XX;

T, I[ijxk] - rxjxilXk = —ka rXiIXJ_ -, rxklxj + rxkxilxj + IleXk T, +IXj .

Xk

-lLr, +rl.r +rrr -rr

-rl -r |
P XX QX X X X)X X XX X; [xj,xk] X)X X

E_ka(l I +r| XX)—rxi(lxirxk+rxerj—r )

XX

+(ka rxi + rxi rxk - rxkxi )rxj + Ixj ka rxi + Ixj rxi r‘xk + rxi r‘xj rxk -1

Xj XX

+r,

-l -rl -r.r
XX Xj Xj%; X X [X. %] X XX

_—Ixirxirxk—rxirxjrxk+rxjxirxk+l Nx T +1 r.r

XXX [%}.%] x XX

+r 0 +Lrr =Lr, +rrr -

rr., —r -r
XXX Xj %X i XK X X)Xy X XX % [X5.% ] XX X

I

[xj %1% - rxj(xkxi) + rxk(xjxi) = r(xjxk‘xkxj)xi—xj(kai)“(k (x;%)

= r(xjxk)xi_(xkxj)xi_xj(kai )% (Xj%) =

Consequently, the defining relations (4), (5) of the algebra U(4) are closed under com-
position. Then, by Shirshov lemma [26], the basis of the universal multiplicative enveloping
algebra U(A) consists of words of the form (3). Theorem 1 is proved.

Denote by RU(A) the right universal multiplicative enveloping algebra of the algebra
4, i.e., subalgebra of the algebra U(4) generated by the universal operators 7, where
xe A Slmllarly, we define the left universal multiplicative enveloping algebra LU(A)
as the subalgebra of the algebra U(4) generated by the universal operators /, where
xeA.

Corollary 1. 1) Under the conditions of Theorem 1, words of the form
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L1 ...l (6)
X Xj Xj, ! 6

where J; <, <...<J,, t=0, form the basis of the algebra LU(4).
2) Algebra LU(A) is the associative algebra with generators |
relations (4).
3) Under the conditions of Theorem 1, the algebra RU(A) is the free associative algebra
with free set of generators

i>1, and defining

X!

A TR R (7

Proof. By definition, LU(A) is the subalgebra of the associative algebra U(A) generated
by the elements l,, 1=1. Using relation (4), it is easy to show that any element of LU(A) is
linearly expressed by words of the form (6). Words of the form (6) are part of the basis (3),
consequently, they are also linearly independent and form the basis of LU(A4). This implies
the statement of the corollary. The statement 3) follows directly from Theorem 1. Corollary
1 is proved.

Affine automorphisms. Let & be an arbitrary field and let 4, be a two-dimensional left-
symmetric algebra over the field £ with linear basis e, fand ef = fe =0. Then the universal
multiplicative enveloping algebra U(A4,) of 4, is generated by the operators ool 1y and
the relations (2) imply the defining relations of U(A4,)

LL =1L, rl =Lr+rr, x[Al (8)
Lete < f. Then, by Theorem 1, the basis of the algebra U (A,) consists of words of the

form

IO Y PO A L O
s t

where Xil,...,Xim E{e, f}, s,t,m=0.
Theorem 2. Let 4, be the two-dimensional left-symmetric algebra over an arbitrary

field k with linear basis e, fand ef = fe =0. If ¢ is the linear automorphism of the universal
multiplicative enveloping algebra U (A,) of 4, then

o(l,)=al, +BI,,
o(l;) =, +38l,
o(r,) = o, +pry,
o(r;) =, +0r;,

g #0, o,B,y,0€k.

where

Proof. For convenience, denote I, 1, l,, |, by a,b,a’,b’, respectively. By definition,
U(A,) is the associative algebra with generators &,0,@",b” and defining relations
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b’a”=a’b’,
ab’=b’a+ab,
ba’=a’b+ba,
aa’=a’a+a?,
bb’ =b’b + b
Let ¢ be a linear automorphism of U(4,) and
o(@")=o,a+pB,b+osa”+pBb’,
o(b)=0,a+B,b+oa”+ B0,
o(a)=o05a+Bb+aja’+p5b’,
o(b)=a,a+B,b+oja"+p,0’,

where
al Bl al B:{
o, B, o B
o, B, oz P;

o, B, oy B

#0.

Since @ is the automorphism of the algebra U(4,) it follows from (13) that
e(O)p(b") = p(b")p(b) + o(b)’,

ie.,
(o,a+B,b+oaja"+B5b")(o,a+B,b+osa +B5b")
=(o,a+B,b+ 058" +Bb")(o,a+B,b+oza + B0
+(o,a+B,b+0sa" +Bb)(a,a+B,b+aosa”+B0).

)
(10)
(11)
(12)
(13)

(14)

(15)

Taking into account the defining relations (9) — (13), from (15) the equality follows

(0,0,8" + ar0,8" + 0,058 + 0j008") + (BB,D° + BB,bb7 + B,Bib’b + B3Bb™)

= (a,00,@° + 0, 0058a" + oj0,2’a + oona’ + oa’ +o,00aa’ + ooa’a + o ’a’?)

+(BoBb” + BoBibb” + B3B,b’b + BIRIb" + Bib® + B, Bibb” + B, B0 + B%H7).

Applying (12) — (13) to the last equality, we obtain
(0,2’ +og0,a% + o,00a’a) + (ByB,0°b + BiB,b? +B,B5b’b)
= (o, 0ja’a+ o,05a% + oo,a’a+ osa’ + 2o,00a’a+ o 0a’ + o2a’?)
+(B,Bib +B,Pib* + B3P, +B3b* + 2B, Bib’b+B,Bib% + P07,
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This equality can be written as
(0,0 + o + 0,00, — o0, )a’ + 2a,008’a + o ’a’”
+(BB; + B2 +B,B; — BB, b +2B,B;b’b + B0 = 0.

This equality implies the equality system
o =Pp; =0,
o, (o, —0) =0, (16)
B4(B4 - B;) =0.

Taking into account the defining relations (9) — (13), from (15) the equality follows

(or,B,ab +a,PBrab” +o,B,ba+oB,ba")
= (o,B,ab + a,B,ba+0p,a’b+a,prb’a+o,pB,ab+ o,p,ba).

Applying (10) — (11) to the last equality, we obtain

(ao,B,ab +0,Bob’a+o,B5ab + o,B,ba+ op,a’b + osp,ba)
= (o,B,ab+ o,B,ba+ o p,a’b+o,Bb’a+a,p,ab+o,pB,ba).

This equality can be written as

(o, +0,B, —0,B, —a,B))ab+(o,B, +a,pB, —o,B, —o;B,)ba=0.

Hence

(17

Bi(o, —05) +a,B, —a,B, =0.

{0% (B4 - B;) - OL4Bz + 0‘2[34 = O!

Since ¢ is the automorphism of the algebra U(4,) it follows from (12) that

o(@)e(@’") = 9(@")ep(a)+ea)’,

6 (0L,a+Bab + 0fa” + BIb’)(oy.a + Bib + 0/a’ + Bb’)

(o,a+B,b+oga’+Bh")(o,a+Bb+aza”+Bb) (18)
(o,a+Bb+osa”+B5b") (oa+Bb+oza”+Bb).

Taking into account the defining relations (9) — (13), from (18) the equality follows

(008" + ofo,8a’” + onoia’a+ ooa’) + (BB;b” +BiBbb" +Bpib’b + BIRIH™)
= (o, 0,a° + 0,088’ + ooa’a + aloa’? + oa’ + ooaa’ + ogosa’a+ ofa’?)
+(B,B:b + B,B5bb” + B{B.b"d + BBb" +B3b” + B,Bbb" + B,Bib’b + B5H).
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Applying (12) — (13) to the last equality, we obtain
(ajo,a’a+ ao,a’ + oyoa’a) + (BB,b’b + BiB,b* + B,Bb’b)
= (o, 0fa’a+ o 05a’ + ofoa’a + aa’ + 2o,00a’a + a,oa” + o’a’?)
+(B,Bsb’b +B,Bib* + BIB:b’b + B3b* + 2B, Bib’b + B ib* + P77,
This equality can be written as

(0,0 + 02 + 0,0 — oo, )a’ + 20,0058’ + of%a?

+(BB; + B2+ B.B; — BB)b + 28,B/'b+ B =0.

Hence ’ ’
o, = Ba =0,

O3 (063 - Oq) =0,
Bs(Bs —B;) =0.
(18) also implies the equality

(ot,B,ab + o Brab” + a,B,ba + o B,ba’)
= (o,B;ab+ o,B,ba + oB,a’b + o,Bib’a + o,pB,ab + o, B,ba).

Applying (10) — (11) to the last equality, we obtain

(or,B,ab + o B/b’a + o,Brab + o, B,ba + o B,a’b + o B,ba)
= (o,B;ab + o,B,ba + o f,a’b + o,Bb’a+ o,B,ab + o,3,ba).

This can be written as

(0B + 0ty — 0, — atgBy)ab + (0B + 0Py — 0By — By )ba = 0.
Hence
{0‘3 (Bs —B;) — o, + 0,y =0,

Bs (o, — o) + 0B, — o, =0.

(19)

(20)

Taking into account (14) and the first equalities of systems (16) and (19), we obtain

o Bl or B[
oy Bl fo; B
Consequently,
o Bl o | B,
a, B ol B

Considering that ¢ is the automorphism, it follows from (11) that
o(d)e(a’) = p(a’)o(b) + o(b)o(a),

21
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1.e.,
(o,a+B,b)(oya+B,b+oqa’+Bb")
=(o,a+Bb+oya’+pBb)(o,a+p,b)+ (o,a+p,b)(o,a+p;b).
Opening the brackets, we get
(oy,00,@° + 0jov,@a’) + (B,B,b° +B;B,bb") + (o, B,ab + o, Brab’” + o, B,ba + oB,ba’)
= (o,01,@% + ofov,a’a + ou,00,8°) + (B,B,0b° + BB,b’b + B,B,b%)
+(o,pB,ab + o,B,ba+a;B,a’b+o,pb’a+o,p,ab+ o,B,ba).

Applying (10) — (13) to the last equality, we obtain
(oo, @’a+oo,a’) + (B{,b’ +B{B,b%)
+(o,B,ab + o,Bb’a+ a,prab+o,fB,ba+ oB,a’b+o;p,ba)
= (aj0,8"a+ O(305432) + (Bl,B4b,b + BaB4b2)

+(o,B,ab + o, B,ba+ aB,a’b+o,pb’a+ o,p,ab + o,pB,ba).

This equality can be written as

(OL3OC4 - OLIOL4)8.2 + (BsB4 - BIB4)b2
+(oB, +a,B; —0o,pB, —a,pBab+ (o,B, + B, —o,p, —aB,)ba=0.

This implies the following equality system
o, ((Xa - Oq) =0,
B4 (Ba - BI) =0,
o, (B; —B) —o,B, + o, =0, (22)
B,(ct; —oy)+0,B, —ap, =0.

Considering that ¢ is the automorphism, it follows from (10) that
o(@)e((d’) = p((b)e(a) + p(@)e(b),

1.e.,
(or;a+B,b)(o,a+B,b+aja”+p5b")
= (o,a+B,b+osa”+Bb")(a,a+B,b) + (o,a+ Bsb)(o,a+ B,b).
Opening the brackets, we get
(o, 0,8 + oyon,aa’) + (B,B,0° + B5B,bb") + (0,B,ab + a,B5ab’” + o, B,ba + o) B,ba’)
= (a,0,8° + ooa’a + o,on,a’) + (B,Bh + BiB.b’b + B,B,b%)
+(0,B,ab + o, ba+ o B,a’b + o,B50'a + o3 ,ab + o, B;ba).
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Applying (10) — (13) to the last equality, we obtain
(050,82 +0501,a") + (B3B5b’b + B3B;b°)
+(a,B,ab + o,Brb’a + o,Bab + o, B;ba + osB,a’b + ) B,ba)
= (0(20(38.'8. + O63054"312) + (Bgﬁsb,b + BsB4b2)
+(0,B,ab + o,,ba+ aB.a’b + a,Brb’a+ a,B,ab + o, B;ba).

This can be written as
(o00, — oc;oc3)a2 + (BB, - B;B3)b2
+(0,P; + 0., — 0B, —o,Pr)ab + (o,P, + o B, —o,B, —asf;)ba=0.
Hence
oty (01, — 13) =0,
Bs(B4 _B;) =0,
o5 (B, —B3) — B, + 0, =0,
Bs (o, —o1z) + 0P, — 0, =0.

It follows from (9) that

(23)

o(@)o((b") =)o),

1.e.,
(o,a+Bb+osa”+Bb")(a,a+p,b+osa”+B50")

= (o,a+B,b+osa"+Bb")(a,a+Pb+aa”+pb).

Opening the brackets, we get
(o,0,@° +o08a” + oon,a’a + aoa’®) + (ByB,b% + B,Bsbb’ + B/B,b’b + BIBb’?)
+(o,P,ab + o, Brab” + o, B,ba+ o B,ba’” + oB,a’b + afra’b’ + o,Bb’a+ aspb’a’)
= (0y0," +0fo,88” + oposa’a+ ogoza’) + (BB,b° +BiB,bb” +B,B50’b + BR5b™*)
+(0,,B,ab + o, Brab” + o 3,ba + o B,ba’” + oy’ b+ asBa’’ + o, Bb’a+ ofib’a’).
Applying (9) — (13) to the last equality, we obtain
(o,05a’a+ oyona’ + oon,a’a) + (B,B5b"h + B,Bsb + BIB,b’b)
+(oB,ab+ o, Brb’a+ o Brab+ o,pB,ba+ oBa’b + alp,ba+ o B,a’b + o,pb’a)
= (0jo,a’a+ 0,8’ + oyorya’a) + (B{B,b’b + BiB,b* +B,B5b’b)
+(o,B,ab+ o,pBb’a+ a,Prab + af,ba + a.p,a’b + oB,ba+ osB,a’ b+ o, B5b’a).

Write this equality as

(oo, —on05)a’ + (BB, —B,B;)b°
+(0(2B1 + O(’ZBI - 0‘1[32 - O(’lB;)ab + (0‘1[32 + (XIBZ - O‘zﬁl - OC;Bl)ba =0.
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Hence
oo, —o,0, =0,
BB, —B.B; =0, (24)
o, (B, +By) — o (B, +B2) =0,

B, (o, +0) =B, (o, +015) =0.

Let o,#0,B8,#0. Then it follows from systems (16) and (22) that

oy =0, B =P, 0, =0,,B, =B, Considering all of this, systems (17), (20), (22), (23)
imply the equality system

a,B, —o,B, =0,
By —o,f, =0,
0€1B4 - (X4Bl =0,
a,B; —o,f, =0.

(25)

Multiplying both parts of the second equality of system (25) by 3, and applying the third
equality of the same system, we obtain

Bl (OC4B3 - 0‘3[34) =0.

Analogically, multiplying both parts of the last equality of system (25) by a, and apply-
ing the first equality of this system, we obtain

o, (0o, By —aB,) =0.

According to (21) o,B; — 0,3, #0. Then it follows from the last two equalities that
=0, =0. Taking this into account, system (25) easily implies that o, =3, =0.

Let o,=0,B,#0 or a,=0,B,=0. Then it follows from (21) that o, #0 or
B; # 0, respectively. It’s easy to see that systems (16), (17), (19), (20), (22), (23) imply
of =iy, B =By, 0 =y By =B, and oy = ot =P, =P, =0

It is also easy to notice that for o, =, =, =3, =0 all equalities of the system (24)
are satisfied. Consequently, if ¢ is the linear automorphism of the algebra U(4,) then

p(a’) = oz’ +B;b’,
o) =0,a"+B,b",
¢(a) = 0,2+ b,
o(b)=a,a+B,b,

Bs

3
o B,

where #0. Theorem 2 is proved.
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Theorem 3. Let 4, be the two-dimensional left-symmetric algebra over an arbitrary
field k with linear basis e, fand ef = fe =0. If ¢ is the affine automorphism of the universal
multiplicative enveloping algebra U(A4,) of 4, then

o(l,)=oal, +Bl; +v,

o(l) =", +3l; +u,
o(r,) = ar, +pr;,
(p(rf ) = yre + 8rf ’

where g #0, o,B,v,0,v,uek.

Proof. As in the proof of Theorem 1 denote I It Lo Iy by @,0,a%, 0%, respectively. Let
¢ be the affine automorphism of U(4,) Then, by Theorem 1,

o(@)=0a’+Bb" +v,,

o()=va"+3db"+v,,
o(@)=o0a+Bb+v,,
o(b)=va+db+v,.

It’s easy to see that defining relations (9) — (13) imply the statement of this Theorem.
Theorem 3 is proved.

Let LU(A4,) and RU(A,) be the left and the right universal multiplicative enveloping
algebras of 4, respectively.

Corollary 2. 1) LU(A,) is the free associative commutative algebra with the free genera-

tors I, I; over a field £;
2) RU(4,) is the free associative algebra with the free generators I, I over a field .
Let M be some variety of linear algebras over a field k. Let F, = k<x1,---:xn> be the
free algebra of the variety M with the set of free generators {X,, ..., X,}. Denote by Aut(F,)
the automorphism group of this algebra. The automorphism ¢ of the algebra F such that
o(x)= "1, 1<i<n, f, eF, isdenotedby

o=(f,f,,....f).
The automorphism

o(i,o, ) =(%,%Xy,..., X5, 0% + X X.),

i+17°°1 %
where 07 0 ek, ek(X, Xy, s X 4, X100 %)y s called elementary.
An automorphism represented as a composition of elementary automorphisms is called
tame. Otherwise, it is called wild.

In 1953, van der Kalk [5] proved that the automorphisms of a polynomial algebra
in two variables over an arbitrary field are tame. A similar result for the free associative
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algebras was obtained by L. Makar Limanov [7] and A.G. Cherniyakievich [6]. Moreover,
the automorphism groups of these algebras are isomorphic.

Corollary 3. All automorphisms of the algebras LU(4,) and RU(4,) are tame. More-
over,

Aut(LU (A,)) = Aut(RU (A,)).

This work was supported by the grant of the Ministry of Education and Science of the
Republic of Kazakhstan (project AP08052290).
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. M. KAHITABHHOBA, A. C. HAYPA3BFEKOBA, /I. X. KO3bIbAEB
JLH. ['ymunes amoindaewt Eypaszus ynmmelx ynusepcumemi, Acmana, Kazaxcman

HOJIJIIK KOBEUTIH/IICI BAP EKI OJIIIEM/I COJI-CUMMETPUSIBI
AJITEBPAHBIH YHUBEPCAJIZIbI MYJIBTUIIVNIMKATUBTI OPAYIIIbI
AJITEBPACBIHBIH AO®UH/I ABTOMOP®U3M/IEPI

Con-cummempusinivl aneeOpaHsly YHUSEPCALObL MYLbIMUNIUKAMUBME OPAYUbL A12eOpaAChIHbIY OA3UCE
mypevizvliean. Hendix xebetimindici 6ap exi onuemoi col-CUMMempUusivl aieeOpanbly YHUBEPCalobl
MYToMUNIUKAMUGME 0PAYIUbL AN2eOPACLIHbLY ApOUHOL asmomopduzmoepi cunammanan.

Tyiiin co30ep: con-cummempusiivl aneebpa, YHUBepCaIobl MyIbMUnIUKAmMuemi opayusl aieeopa, ag-
momoppusm.

A. M. ZKAHIASHHOBA, A. C. HAYPA3BEKOBA, /I. X. KO3bIFAEB
Eepasuiickuii nayuonanvroiii ynugepcumem umenu JI.H. Iymunesa, Acmana, Kazaxcman

A®OUHHBIE ABTOMOP®U3MbI YHUBEPCAJILHOM
MYJIbTUILIMKATUBHOM OBEPTBIBAIOIIEN AJITEBPHI JIBYMEPHOM
JEBOCUMMETPUYHOM AJIT'EGPbI C HYJIEBBIM YMHOXXEHUEM

Tlocmpoen 6azuc yHusepcanbHOU MyIbMUNIUKAMUGHOU 06epmuléaroujeli aneedpol 1e60CUMMempuy-
HoUl aneedpvl. Onucanvl aghunnbie agmMomophuzMbl YHUGEPCANLHOU MYTbIMUNIUKAMUGHOT 00ePMbIEaAt0-
well aneedpvl 08YMEPHOIL 1e60CUMMEMPULHOL AN2eOPbl ¢ HYIEeBbIM YMHONCEHUEM.

Knrouesvie cnosa: nesocummempuinas aneedpa, VHUGepCalbHasl MyTbMUnIuKamueHas 00epmoléaio-
was aneebpa, agmomoppusm.



