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Abstract. In this paper, the derivation of the equations of dynamics of a four-wheeled mobile robot is
carried out using the variational principle of least constraint, known as the Gauss principle. Equations
of nonholonomic constraints are obtained. The function of the measure of coercion of the four-wheeled
mobile robot is composed. Dynamic equations based on the Gauss principle are obtained taking into ac-
count the dynamic characteristics of two DC motors. Methods for taking into account the friction forces
on the wheels and random perturbations due to the unevenness of the canvas are proposed. On the Maple
platform, an algorithm and a program for modeling the dynamics of a mobile robot based on the Gauss
principle were developed the correctness of the obtained equations of robot motion were proved.

Key words: mobile wheeled robot, Gauss principle, equations of dynamics, motion modeling, disturb-
ing forces.

Introduction. The subject of the proposed study is a mobile four-wheeled GMTR. Such
robots are used in the machine-building complex for flexible automated production tasks[ 1],
warehouse terminals, and are gaining an increasing sector in the mining industry [2].

The research begins with modeling the dynamics of MR. A lot of works are devoted to
solving this problem[1]. Algorithms for implementing dynamic calculations can be built
using traditional Lagrange-Euler or Newton-Euler methods [3]. In many works, other forms
of robot motion equations are used. These include the Wicker equations [4], or the recurrent
Hollerbach equations [5], obtained using the Lagrange-Euler method; the Lu equations [6]
based on the Newton-Euler method; the Lee equations [7] using the generalized Dalembert
equations. All these equations are different in form, since they are obtained for different
purposes [1,3]. Some of them provide the minimum time for calculating control moments
and reactions in the joints of the manipulator, others are used in the synthesis and analysis
of control laws, the third is used to simulate manipulator movements [8].

In the dynamics of wheeled MR, the main issue of modeling is the interaction of the
wheel with the surface (relief), which is characterized as a non-holonomic bond [9] or the
friction force based on the Coulomb-Amonton law [10,11,12], with liquid friction accord-
ing to the Newton formula [12]. In [11], four possible cases of wheel-terrain interaction
were noted. The first case is a rigid wheel moving over rough terrain. The second case is
a rigid wheel moving over deformable terrain. The third case is a deformable wheel mov-
ing over a deformable terrain. The fourth case is a deformable wheel moving over rough
terrain. Although many different types of models (i.e. finite elements, discrete elements,
empirical) have been developed for each of these four cases, the focus here is on analytical
models [12]. At the same time, in these works, the random nature of friction associated with
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the change of sign and the consideration of abrupt changes in the load were ignored. For
highly loaded robots, dynamic performance indicators become essential because they have
a significant impact on the modes of movement of the system.

In this regard, the practical application of a mobile transport robot requires extensive
research of the dynamics and evaluation of the accuracy of the quality of movement in order
to optimize the developed control system, while not changing the developed concept and
hierarchical structure of the intelligent control system MR [13,14,15].

The robot's reaction to stochastic external disturbances (abrupt changes in the gravity
of the load) and non-holonomic connections (wheel slippage) is investigated. The deriva-
tion of differential equations is carried out using the variational principle of least coercion,
known as the Gauss principle. Algorithms and numerical programs have been developed for
analyzing and deriving calculated formulas of disturbing forces, including stochastic ones,
due to random obstacles under the wheels, abrupt changes in the load and its movement on
the upper platform, sudden changes in the directions of movement, acceleration and braking
of the robot in a short period of time.

Derivation of dynamic equations. The universal platform of the mobile robot consists
of a frame on which four wheels and two electric motors are attached (Figure 1). The two
rear wheels are driving. The robot platform is a frame of variable length on which various
mechanisms can be installed.

Figure 1 — Calculation scheme of a mobile robot for deriving equations of motion

We introduce the following coordinate systems: a fixed coordinate system Oxyz , the
plane of which Oxy coincides with the horizontal rough plane on which the wheels of the
robot roll, and the movable system AX y z, starting at point 4, rigidly connected to its plat-
form (Figure 1). At the same time, the axis Ay, directed along the line C,C,, and the center of
gravity of the robot C, lies on the axis AX,, being the axis of symmetry of the chassis.
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When modeling the movement of a mobile robot, we introduce a number of conditions: a)
the robot is considered as a system of absolutely rigid bodies; ¢) the movement is carried out
without slipping; d) the masses of the front wheels, gears of reduction gears are considered
equal to zero; c¢) the robot moves with the driven wheel forward.

Communication equations. The position of the bodies of the mobile robot in the coordinate
system Oxyz is determined by the vector of generalized coordinates g, =|x,y,1, 91, ¢|",
where x, y — koopaunatsl Touku A — the midpoints of the segment connecting the centers
C,C, rear wheels 3,4; \ - angle of rotation around the vertical platform 1, measured from
the axis Ox; @,, @, - angles of rotation of the driving wheels relative to the horizontal axes.
Accordingly, the vector of generalized robot velocities has the form ¢ = |, ¥, ¥, ¢1, ¢,|".

The platform angular velocity vector is defined as 2 = ]0,0,vy |7, where vector Q given
by projections on the axes Axyz. The vectors of the angular velocities of the drive wheels
are determined by the relations: 2; = [0,¢1, 9" |7, 2, = |0,¢,, 9" |7, where 04, 0,, given as
projections on the axes AX y z,.

The speeds of the points of contact of the driving wheels with the surface can be
determined from the equations:

Vp, =V + [2,1] + [024,7], 1)
Vp, =V +[02,1] + [2;,7],
where V - linear velocity vector of point A of the platform; sz - contact point velocity vector
P, left wheel; V', - contact point velocity vector P, right wheel; / = AC, = AC, — half the
distance between the driving wheels; » = C,P, = C,P, — drive wheel radius.

Since the movement of the drive wheels occurs without slipping, it means Vp4= Vp3= 0.
Taking into account this condition, based on the projection of equation (1) on the axis AX y z,
we obtain three independent equations of non-integrable (non-holonomic) constraints:

Vpsy1 = Vpayr = —xsiny + ycosyp =0,
Vpsx1 = Xcosyp +ysiny + lp —rep; =0, (2)
Vpaxy = Xcosp +ysiny —lp —r¢, =0,
Vectorofpseudovelocities (i = [V Q]) includestwo elements: velocity V' = Xcos i + ysiny

points A, angular velocity of platform £2 =\ . The relationship between the generalized and
pseudovelocities of the system in this case has the form

g =Hn (3)
Let’s write down the matrix H:

rcosy 07
siny 0
0 1

H=|1 1

ror

1 l
- r - ‘r' A

Dependence (3) between generalized velocities and pseudovelocities can be rewritten
in scalar form:
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x =Vcosy, y="Vsiny, 4)
v+l V-0
Y=0Q, ¢y =—) ¢, = )

r

Dynamic equations. The derivation of dlfferential equations will be carried out using
the variational principle of least constraint, known as the Gauss principle. As a measure of
coercion, a value Z is taken in the form of the following functional

1

Z =% [mi (xz - %’:)2 +m; (yl - %)2 +Ji ((Pl - 7—;)2] (5)

Here F_, Fl,y - projections of external forces reduced to the center of mass, M, - moment
of external forces, m,, J. - mass and moment of inertia relative to the center of mass of
the i-th link, 8%;,8¥;, 6¢; - variations of projections of the acceleration vector and angular
acceleration.

The equations of dynamics of a mechanical system are obtained from the stationarity condition

in variational form and the necessary conditions for the minimum of the functional (5)
oz
8Z=0, ==0. (6)
The moving parts of the mobile robot are the platform and wheels, which, relative to
the plane of their location, make flat movements. The following designations are accepted:
m, — cymMapHas Macca riardopmel, j, - the moment of inertia of the robot about the vertical
axis passing through its center of mass C,, a = AC, — distance from point A to the center of
gravity of the robot C, m, — total weight of the driving wheel, jy — moment of inertia of the
wheel about the horizontal axis.

Then functional (5) for the considered mobile robot can be written in the form

2
. Me —M
Z=%[m1(v‘m%) +(]1+m1a)(1p—]+nfa) +(]y+mkr)<<p1 ]f-i-lTkTil) +
(7)
Mgr,—Mg, 2
+(Jy + myr?) (¢, — Tyrmer? ) |

where M, .»M,,— moments of rolling friction on the driving wheels; Md,, Md, — driving
moments; F — projection of the main force on the direction of velocity V, brought to point 4
platform, M, — main moment of forces acting on the platform.

In equation (7) from system (4), we substitute the last two equations, which are presented

in the form
(pl == blV + bz.Q, 8
@, = b1V - bzfz, ®)

where by, = 1/r , by = l/r
Then

MR
]1+m1a

- 2 . . - 2
u) £ (J, +mr?) (b1V . u) ]

Jy+myr? Jy+myr?

2)2 + (]y + kaZ) (blv + bzﬂ -

Z=%[m1(V—mi1)2+(]1+m1a2)(!?—

. 9)
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From conditions (6) one can obtain four equations. The first condition satisfies the
equation
SZ = Bl(ﬁ-l' 77.’2)677.’1 + Bz(ﬁ-l, 7T2)57T2 = 0. (10)

Note that synchronous variation takes place here, in which only the acceleration remains
Vil =Vvi2, Wi # wi2, which is called Gaussian variation:

- 1 —
o1 ==Sw (A1),
=3 w,(Ar) (11)

where At - short time, OT, - displacement vector variation, 5, - acceleration vector variation.

Taking into account the independence of pseudoaccelerations 7t; = V u 8it, = 2 to
fulfill equation (10), it is necessary that

B, (ity,7t;) = 0, By (i1, ;) = 0. (12)

Equation (12) is used to determine the driving forces M, M .

The equations of motion of the mobile robot will be obtained from the equations

0z 0z
97 0, P 0 (13)
Let us assume that DC motors are installed on the driving wheels [13,17]. Then, based
on equations (12) and (13), we obtain the equations of the dynamics of a mobile robot in
the following form:

. o 1
mV = % (ih + 1) = paV + = (Mprq + Mpyp) + mya?

ncl l

].Q = T (il - iz) - .UB-Q + ;(Mfrl - Mfrz) - mlaV'Q

: 14
L2+ R+ 2V +1) = U, (14
di .
l L=2+Riy+—=(V —10) = U,

where L - inductance; i , i, - currents in the armature circuits; R — armature circuit resistance;
U,, U, — circuit voltage (control parameters); n - gear ratio.
The coefficient of electromechanical interaction with is determined as follows:
_ M1—M3)Uy
YHM1

(15)

where M| - motor starting torque; M, - rated motor torque; yy, Uy - respectively, the rated
angular velocity and the rated voltage of the electric motor.
Values M, (k = 1,2) from equations (14) we define as follows:

—6Nysign(@x), 9 # 0,
Mfrk = —nCik,(pk = 0, |TlCik| < SNk, (16)
—6Ngsign(ix), @ = 0, [nciy| > SNy
where 6 — koadduiment Tpenus kadenus; N, — normal reaction force of the horizontal
reference plane acting on £ - driving wheel.
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Discussion of results and conclusion. As a result, based on the Gauss principle of least
constraints, the equations of dynamics of a four-wheeled mobile robot with two driving
wheels are obtained. Equations (14) take into account the moments of friction force that
occur between the wheels and the web, as well as the dynamic characteristics of DC motors.
The unevenness of the web when modeling the dynamics of a mobile robot is carried out by
adding to the system (14) the following equation

mZ=—c(z—h) — a(z‘ — fl), (17)

where the functions h(z) of the road roughness and has the form of a function with a random
amplitude.

a) b)

Figure 2 — Graphs of the movement of a mobile robot: a) the trajectory of movement;
b) animation of moving the robot platform

In the Maple analytical computing system, a program was compiled for simulating the
movement of a mobile robot based on equations (14) and calculating the transverse vibra-
tions of the robot body when moving along a road with bumps based on equation (17).
Figure 2 shows the simulation results. Figure 2a shows the trajectory of the center of gravity
of the mobile robot with the speed V and the angular velocity of rotation Q of the platform
relative to this center. The turn can be clearly seen in Figure 2b, which shows the animation
of platform movements along the center trajectory. Figure 3 shows a plot of the speed V of
the platform along the trajectory. The movement speed is controlled by changing the control
parameters U, U,.

Figure 3 — Graph of the change in the speed V of the platform along the trajectory
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The segments of the piecewise linear characteristic determine the number of segments
that are involved in the fitting procedure. The fitting method is an exact method for solving
a particular equation.

In the Maple system, a program was compiled for solving the differential equation of a
mobile robot, taking into account (17). Let's take the coefficient of road resistance y = 0.15
for a compacted dirt road. The mass of the mobile robot is 1140 kg, the mass of the mobile
robot with a load is 1640 kg.

The web roughness function in equation (17) as a function of time during the movement
of the mobile robot. Figure 4a shows that the mass changes in a abrupt at =2 c.

a) b)

Figure 4 — Simulation of the dynamics of the robot, taking into account the unevenness of the web:
a) a graph of the change in the function /(z); b) the graph of the speed during the acceleration of the
mobile robot for Ssec and the abrupt change in the load att=2 ¢

Graph 4b shows the acceleration rate of the mobile robot for 5 seconds. As can be seen
from the graph, after the mass was added (¢ = 2s), the acceleration speed became slow.

In addition, the value of the functional is indirectly related to the reactions in kinematic
pairs according to the equality obtained from the Gauss principle

Z=23 . (18)

The condition that the quantity is minimal for actual motion leads to an extreme property
of constraint reactions: for actual motion, constraint reactions are minimal.

For example, in order to estimate the main vector of force and the main moment of
forces reduced to the center of gravity of the platform, we have:

7 = 1[R12 My, ]
21Lm,y ]1+m1a2 >

(19)

where R | — the reaction of the connection between the platform and the wheels, reduced to
a point A, M, - moment of coupling reactions between the platform and wheels, relative to
the point A.

To find R , u M, needs to (7) be shaped for (19).

Thus, the Gaussian principle of no less compulsion made it possible to simplify the
procedure for deriving the equations of the dynamics of a mobile robot, taking into account
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the perturbing forces, and to evaluate the reactions between individual moving parts (links)
of the robot. The equations of dynamics obtained on the basis of the Gauss principle are
correct and make it possible to simulate the motion of the MR taking into account random
perturbing forces.

Hcrounux ¢uHaHcupoBaHusi ucciaenoBanuii. Pabora BhmonHeHa B paMKax
rpantoBoro npoekra AP14870662, ¢unancupyemoro Komurerom Haykun MwuHHCTEpCTBa
HayKH U BbIcIero oOpazoBanusi Pecryonuku Kazaxcran.
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TAHAMHUKA MOBWJIBHBIX POBOTOB HA OCHOBE ITPUHIIAIIA
HAUMEHBIIETO MPUHYKIEHUS TAYCCA C YYETOM CJOYYANHBIX
BO3MYIIAIOIAX CHJT

B pabome 661600 ypasHeHuil OUHAMUKU YEMbIPEXKOLECHO20 MOOUTbHO2O0 PODOMA OCYWeCMBIAemcs C
UCNONb308AHUEM BAPUAYUOHHO20 NPUHYUNA HAUMEHBUUE20 NPUHYICOCHUS, U38eCHO020 Kak npunyun I a-
yeea. Honyuenvl ypagnenus He2ononomuuix cesizeti. Cocmagiena QyHKYyus Mepol NPUHYHCOCHUSL Hemblpex-
KONLECHO20 MOOUIbHO20 poboma. YpagHeHuss OUHAMUKY Ha ochoge npunyuna I aycca nonyuensl ¢ yuemom
OUHAMUYECKOU XAPAKMepUCmuKy 08yx osueamenetl NOCMoaHHbIM MoKkom. IIpednodcena memoouku yuema
CUL MPEeHUsl Ha KONecax u CLyYauHblX 603MYyujeHull 3a cuem Hepognocmu notomua. Ha nnamgpopme Maple
paspabomar aneopumm u npoepamMma MoOeIUpoOBaHUs OUHAMUKU MOOUIbHOZ0 poOoma HA OCHO8e NPUH-
yuna I'aycca u 00KA3aHA KOPPEKMHOCHb U NPAGUILHOCb NOLYYUEHHBIX YPAGHEHUL OBUdICEHUs: pOOOMA.

Kntouesvie cnosa: mobunvhwlil Konechwlili pobom, npunyun I aycca, ypasHenust OUHAMUKU, MOOEIUPO-
8aHUE OBUINCCHUSL, BOIMYULAIOUIUEC CUITbL.

A. K. TOJIELIIOB, H. C. T'PHIIEHKO, I1I. A. AJIUMBAEB,
. KEPIMKY/IOB, M. KAHAIIHA

Axaoemux O.4. JKondacbexoe amuindagsbl MEXAHUKA HCIHE MAUUHANANY UHCIMUMYTNGL,
Aamamul ., Kazaxcman,
Chingiz_kopa@mail.ru

KE3JIENCOK KO3IbIPFBIII KYIITEPII ECKEPE OTBIPBIII EH
A3 IIEKTEY TAYCC NPUHIMUIII HET'I3IHJIE
KBLIIZKBIMAJIBI POBOTTAPABIH JMHAMUKACBHI

Byn oicymvicma mepm OOHEANAKMbL JHCHLIHCLIMALbL POOOMMbIY OUHAMUKACHIHIY MeHOeYIepiH
wotzapy Tayce npunyuni 0en amaiameii ey a3 wWeKmeyoiy 8apuayusiiblk NPUHYUNIH KOTOAHY APKbLILbL
Jicyzeee  acvipvinadvl. TonoHoMObIK emec wekmeynepdiy menoeynepi anviHovl. Tepm Ooneaiakmuol
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MOOUNLOI  pobommbiy MadHcOypAeYy (QYHKYUACHIH KYpacmuipsiiobl. layce npunyunine He2izoenzen
OUHAMUKAILIK MeHOeyLIep MYPAKNbl MOKMbIY eKi KO32ANMKbIUbIHbIY OUHAMUKALLIK CUNAMMAMAIAPbIH
eckepe omulpbin AlbIHAObL. [oneerekmepoel YilKelic Kywmepin Jicane KeHenmiy Kedip-0yobipibleblHd
batlnanvicmel ke30etcok Oy3vlaynapovl ecenke any a0icmepi ycviuviazan. Maple nnamgopmacwinoa I'aycc
NPUHYURT GOTULLHULA HCLIHCLLMATLL POOOMMbLY OUHAMUKACHLH MOOEIbOEY AN20PUMMI MeH Oa20apaamacyl
arcacanvin, poobommuly KO32aublc meHOeyNepiHiy ANbIHeaAH OYPbICHbIK MeH OYPblChblebl 021€10eHOL.

Tyiiin co30ep: Koszaimanvl Ooneanakmel pobom, laycc npunyuni, Ounamuxa menoeyiepi,
KO032a161CMbl MOOeNboey, kedepai Kyuimepi.



