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GENERALIZED (G'/G) _ EXPANSION METHOD FOR THE LOADED
SHALLOW WATER WAVE EQUATION

This article is devoted to finding solutions for the traveling wave of the loaded wave equation in
shallow water. One of the approaches to finding solutions by the expansion method (G’1G) is given,
which is one of the most effective ways to obtain solutions. When parameters are taken as special values,
solitary waves are also derived from traveling waves. Solutions for the traveling wave are expressed by
hyperbolic and trigonometric functions. This method is easy to implement using well-known software
packages that allow solving complex nonlinear evolutionary equations of mathematical physics.

Key words: expansion method, evolution equations, continuous function, loaded equation, shallow
water wave equation.

Introduction. The work [1] presents the use of the — expansion method (G'/G) for
integrating nonlinear evolutionary equations. The expansion method (G'/G) is also often
used in finding solutions to nonlinear evolutionary traveling wave equations [2-12].

There are well-known works [13-14], where this method was effectively applied to
solutions of the loaded Korteweg-de Vries equation (KdV) and the modified Korteweg-de
Vries equation.

This research shows one of the options for solving a loaded wave equation using a
generalized extension method.

Let us turn to the loaded equation of a traveling wave in shallow water

qxxxt + quqxt + Bqqux - qxt - yqxx + f(t)q(o’t)qxx = 0 s (1)

where q(X,t) —unknown function, xe R ,t>0,f(t) — given continuous function

Algorithm of the generalized (G'/G) expansion method. Let us consider the
following non-linear equation
F(q’qt'qx’qtt’qxxqut“"):0 s (2’)

here 4 = d(X,t) unknown function of independent variables x and ¢. F is a polynomial of ¢
and its partial derivatives of higher- order and non-linear terms. By stages, the main steps of
the expansion method are as follows [2]:

Step 1. We are looking for a business trip form:

q(xt) =09 ,&=x-Q(t), 3)

where Q(t) continuous parameter is a function of a variable ¢. Now we transform equation
(2) to the following nonlinear ODE:
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P(q.9".9”.9”,..)=0, 4)

where P - expresses a polynomial depending on 4(§) and 9" =dq(€)/d& q”=d ?q(€)/d&’ .
Step 2. We assume that the solution of equation (4) can be represented as

m G/ J
q&) =Y 3 (—) , (5)
i \G
where G = G(&) satisfies the following second- order ordinary differential equation
G”"+AG" +uG =0, (6)

here G'=dG(§)/d§ , G” = d*G(€)/d&* and A, W, aj(j =12,..,m) are constants whose
values will be determined later, assuming a_# 0.

Step 3. Such an integer is determined m1, to balance the higher-order nonlinear terms and
higher-order partial derivatives from (4).

Step 4. Using (5) and (6) we transform (4) and group all terms with the same order

’ G'
(((33 ((s))J . Then the left side of expression (4) is transformed into a polynomial % .
Now, equating to zero each coefficient of this polynomial, we obtain overdetermined partial
differential equations for aj(j =12,..,.m) and E.

Step 5. Substituting the solutions of equation (6) into (5), as well as the values a and &,
we will come to an exact solution of the equation (2).

Exact solutions of a loaded nonlinear equation. This section provides an exact solution
to a loaded nonlinear equation using (G'1G) expansion method. To this end, we perform
the above steps for equation (1). Using a traveling wave variable

q(x,t)=q(€) ,E=x-Q(t) , (7)

Let us transform equation (1) into an ordinary differential equation with respect to

q=4q(0)
-Q/(1)g" —oQ/(t)a’q” — B/ ()a’'q” +Q/(t)a” —yq” + f ()q(0,t)g”" =0,  (8)

integrating it over & we get

C-Q/(t)g” —%Q{(t)(a +B)@) +( Q) -1a'+ Fa0.g =0, (9

where C- integration constant, the value of which can be determined in the future. The
solution of equation (9) in the form of a polynomial can be expressed as

m G/ J
Q(§)=§6aj (E) : (10)

where G = G() satisfies a second-order ordinary differential equation of the form
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G”"+AG" +uG=0. (11)

Using (10) and (11), 9 and9” can be easily obtained

2\ 2(m+1)
q'z(é)=m2a;( G) e (12)

o G, m+3
q”(E)=m(m+1)(m+2)a, (E) +.n (13)
When the condition m = 1 and taking into account a homogeneous balance between

q*(€) and9”(€) in equation (9), based on (12) and (13), the expression for g will take as
follows

Q(§)=%(%)+ao, (14)

then the following relation holds
2 2
(8T vra(T ) - (E) e (2)
= — A =a | — A
9" (€) (%(G) + A8, G tal| =q G tA8 G +

o B o

(15)

After simple transformations based on (14) and (11), we obtain an expression for

q”(€)
y B G’ 4 G’ 3 , G’ 2
q (&)——Gal(G) —12@%(6) - (7aA +8a1u)(G) -
(16)
—(a,\’ +8a17»u)((é )— (aA’n+2au®)

Further, after substituting relations (15)-(16) into equation (9) and grouping all terms
with the same degree (G’/G) , on the left side of equation (9) we obtain a polynomial

(6900~ 3200+ B30 S | + 1289000 - 20 +Ba| S | +
2 vy _ LA 232 200 (A — oY [G' [
L7300+ B3RO0 ~ 0L+ XA + 224) - Q1) 1)~ T0a(0.02) b [+
o (17
@R S0 - Qe - a0 1) - 050
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+(C+ QIO+ 28,7) QI + B - ({0 ~y) - k! (DIO.D) %% 0

If each coefficient of expression (17) is equated to zero, we obtain a system of
homogeneous equations for a , Q(t) and C:

4

((3_:,, : 62,0 (t) —%Q{(t)(oc +B)a; =0,

((33' 3 : 128,00/ (t) - Q{(t)(ou +B)ajr =0,

(é, 2 : Ta, M Q[ (t) +8a,uQ(t) —%9( (O +B)@A” +2am) - (/1) - v)a, - f ()q(0.)a, =0,
<(33’ 1 a,\°Q; (t) +8a,uAQ; (t) — Q (t) (o + B)ai A — a, L (Q (1) - v) — a,Mf ()q(0,t) =0 ,
(é' 0 L C+ Q)N A+ 2a,%) - % Q/(t)(a+B)au® —apu(Q(t) - y) - auf (1)a(0,t) =0 .

The solution of the system will be

_ 12 c=0
&= oep C=0-

__ ¥ 0
Q(t) = 7&—4u—1 o jf(r)q(Or)dHQ (18)

A, wand Q" are arbitrary constants.
Using the relation (18), the expression (14) can be represented as an equality

(&)——B(G')w , (19)

where

§=x+k2_zu_lt o jf(x)q(Oc)d«; Q-

Function (19) will express the solution of equation (9) in the case when the integration
constant in equation (9) corresponds to similar conditions (18). When substituting the
general solution of equation (11) into (19), three types of solutions of the loaded traveling
wave equation (1) for shallow water are obtained when A?—4u> 0,
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2
(/2 — A —c,0) + (¢, — 4 — ) tanh 7‘;4%]

q€)=a,+6 2 .
(o +B)(c, + ¢, tanh ;4“@
where
_ Y 1 ¢ O
E=x+ X —4M—lt_ 2 —4M—lj f(1)q(0,7)dT - Q° |

0

c,, ¢,and Q" are arbitrary constants. It is clear that finding a function ¢(0, ¢) will not cause
difficulties based on expression (20).
For example, let the function f{¢) be given in the form

f(t) =(yt —(\? —4u—l)i jocjtlex

2 _ n .
o+ B)tanh WZ%V
X =

2 n 2 n - s
a, (o +p) tanh k;%Zocjt" —6(yJA? — 4 + Ltanh wzajtl)
=1 j=1

where &; (j=1,2,...,n) ,if¢, #0 ,¢, =0 and A* —41>0 that 4(X,t) can be expressed

2 _ n ) 2 _ n .
a,(a +p)tanh ’m'l(x—zajtl)+6( )\2—4p—Atanh m(x_zaw»
1=1
2

q(x,t) = . ) .(21)
(0(+B)tanh1/)\;4“(x— ]Z:lajtj)

Then the last relation (21) will be the solution of the equation of a loaded wave in
shallow water

O, oo, O
qxxxt + cquqxt + Bqthx - qxt - yqxx - g\ - 4“‘ _1)2 qut - yt%xx = 0 ‘ (2’2)
1=l
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Figure 1 — Solution (21) of the loaded wave equation in shallow water (22) for
A=2{2,u=La =L a=LB=Ln=10,=-1te[L2], xe[1,10]

Figure 2 — Solution (21) of the loaded wave equation in shallow water (22) for
A=2J2,u=1a=La=-1B=Ln=1 0 =1te[L2], xe[L10]
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YA. Baumypcwinos ameinoazer Kocmanail oHipaix ynueepcumeni,
2V peenu memnexemmik ynusepcumemi (Ozbexcman,),
M. Jlynamoeé amwindazel Kocmanaii unscenepuik-s5koHOMUKAIbIK, YHUSEPCUMeni

JKAJDBLIAHFAH TASI3 CYAbIH )KYKTEJITEH TOJKbIH/IBIK
TEHJEYIHE APHAJIFAH (G'/G) KEHEHNTY 9IICI

Byn maxana masz cynapoa ds’cykmen2eH moikblHOblK mMeHOeyOiy uemimoepin mabyea apHaiean.
Iewindepdi anyowiy ey muimdi adicmepiniy 6ipi 6onin mabvuamomn (G'1G)  keneiimy 2diciven
wewimdepoi iz0ey macinoepinin Oipi kenmipineen. [lapamempnep apHnaiivl Monoep peminoe anblHaH Ke3oe,
JCANIZBLZ MONKLIHOAD 0a KO32ALAMbIH MOIKLIHOAPOAH Wbleapbliaobl. JKyeipy monkvlHbiHbiy wewimoepi
2UNepoONaNbIK HCIHE MPUSOHOMEMPUATBIK (PYHKYUsIapmer KepcemineeH. Byn a0ic mamemamuxansik
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QusuKanvly Kypoeni Col3bIKMblK eMec 360IIOYUSIbIK MeHOeYIepin ueulyee MyMKIHOIK 6epemin Oenini
bazoapramanvix nakemmepoi KOIOAHY ApKblibl OHAU HCY3e2e ACbIPblidob.

Tyiiin co30ep: reneimy 20ici, 80mOYUATBIK menoeyiep, Y30iKCi3 QYHKYuUs, JCyKmenzen meyoey,
mass cyoazvl MoaKbIHObIK meHoey.
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OBOBIUIEHHBIN (G'/G) METOJ PACIUMPEHMSI )15 HATPYJKEHHOT'O
BOJIHOBOI'O YPABHEHMSI MEJIKOBO/IbSI

Hannas cmamos nocesuyena HaxoHcOeHUI0 peueruti HaZpyICeHHO20 60IHOB020 YPaGHeHUs becyuyel
gonnbl Ha Menkogoove. ITpusodumes 0dun uz nodxodos noucka pewenuii (G’ 1G) yemooom pacuupenus,
KOMOPbLIL AGIIAEMCs OOHUM U3 Hauboee 0elcmeeHHbIX Cnocobos noayuenus peutenui. Kozoa napamempul
bepymcs 6 kKauecmee CneyudIbHbIX 3HAYEHUT, YeOUHEeHHbLE BONIHbL MAKHCe 8bl8OOSIMCA U3 OE2YUUX BOJIH.
Pewenus 0ns 6ecywjeii 60HbL GbIPANCAIOMCI CUNEPOOTULECKUMU U MPULOHOMEMPULECKUMU QYHKYUAMU.
Omom memoo nezko peanuzo8ams ¢ UCHOTb308AHUEM U3BECHIHBIX NPOSPAMMHbIX NAKEMOS, KOmopble no-
360IAI0M PEULAnb CILOAHCHBIE HETUHEHbLE IBOTIOYUOHHBLE YPAGHEHUS MAMEMAMULECKOU (QUIUKU.

Knrouegvie cnosa. memoo pacuiupeniis, 360110YUOHHbIE YPAGHEHUA, HENPEPLIBHA (YHKYUS, HAZPY-
JIceHHoe ypagHenue, 60IH0B0E YPAGHEHUE HA METKOBOObe.



