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EXACT SOLUTIONS OF THE TWO-DIMENSIONAL
NONLINEAR SCHRODINGER EQUATION

The nonlinear Schrodinger equation as a classical model in physics is gradually becoming an urgent
problem that needs to be studied. Obtaining an exact solution of the corresponding model can not only
provide theoretical support for the experiment but also provide a basis for solving practical problems.

In this work, we study the propagation of waves of the two-dimensional nonlinear Schrédinger equa-
tion in nonlinear media with dispersion processes. The tan-cot function method is applied. This method is
effective in solving nonlinear equations of mathematical physics. Various solutions in the form of periodic
waves are obtained. Graphs of the solutions arepresented.
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1.Introduction. Nonlinear partial differential equations (NPDEs) can transform
nonlinear problems in the real world into mathematical models [1-2]. Thus the method for
deriving exact solutions for the governing equating has developed, namely the Darboux
transformation [3], the Hirota method [4-5], the tanh method [5], the sine-cosine method
[6-7], and others.

In this work, we investigate the two-dimensional nonlinear Schrédinger equation [8],
which is

iqe + a1Qxx + ArQqxy T a3qyy + i(b1|Q|ZQ)x + ibz(l‘]lqu) =0, (1)

where g(x, y, t) is complex function of the spatial coordinates x, y and the time ¢, a;, (k= 1,
2,3)and b;, (j =1, 2) are real constants.

The two-dimensional NLS equation (1) is presented in [8] where optical soliton solutions
are obtained by the ansatz method. However, it is noted that the tan-cotfunction method
[9-10] for the NLS equation (1) was not applied. So, in this research, we find new kinds of
solutions for Eq. (1) by applying the tan-cotfunction method.

2. Description of the tan-cotfunction method. The below describes the tan-cot function
method [9-10] for the NPDEs in the three independent variables:

E(ut,ux, Uy, Uyy, Uy Usey) Ugxxs ) =0, 2)

where the function u(x, y, f) is unknown. E is polynomial in u(x, y, ) as well as its sev-
eral partial derivatives including nonlinear terms and the highest order derivative. To deter-
mine the exact solutions of Eq. (1), introduce the traveling wave transformation given as

u(x,y' t) = u(f); S; = (x +y - Ct)' (3)
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Inserting the above transformation into Eq. (2), yields the ordinary differentialequation
(ODE) given in the following way:

E(u,u',u",u'"",...) =0. 4)

If required, one integrates Eq. (4) asnumerous times as possible, for simplicity, keeping
the constant of integration at zero. The solutions of ODE (4) take the following form

u(x,y,t) = Atan® (uf), )
or
u(x,y,t) = Acot? (ug), (6)

where § = x +y — ct, the parameters u, A and 8 will be defined. The derivatives of (5)have
forms

u' = AButanf~1(ug) + APu tanP+ (uf), (7)

u" = BB — 1) tanP~2(ué) + 2au*B* tan® (ué) + A B(B + 1) tanf**(ug), (8)

andthederivativesof(6) become
u' = —2APucotP~1(u) — ABu cotP+1(ué), )
u" = 2B (B — 1) cotF~2(ug) + 22u*B? cot? (ug) + A B(B + 1) cotP*2(uf), (10)

and others. Using (5)-(10) into the ODE(4) we get a trigonometric equation of tan” (ué) or
cot” (1) terms. Then, we define the parameters by first balancing the exponents of each
pair of functions tangent or cotangent to determine f5. After, wecollect all coefficients of the
same power in tan” (ué) or cot” (ué), where these coefficients mustvanish. The system
of algebraic equations among the unknown A and u will be given and from that, we can
definecoefficients.

3. Application of the tan-cot method. We assume the solutions to Eq. (1) in the form

q(x,y,t) = ell@x+by+dy (&Y and &=x+y—ct, (11)

where the quantities a, b, d, ¢ are non-zero constants. Inserting (11) intoEq. (1), separating
the real and imaginary parts, we get:

(—=d — a;a? — azab — azb®)u + (a; + a, + az)u’ — (bya + aby)u® =0, (12)

(—c +2a,a + ayb + aya + 2azb)u’ + (by + ) ()’ = 0. (13)
From Eq.(13) we can found
c=2ay +ay)a+ (2a; + ay)b, b, = -y (14)

3

And then in next subsection,we study Eq. (12) by the tan-cot function method
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(—d — a,a® — ayab — azb®)u + (a, + a, + az)u” — (bya + aby)u®> = 0. (15)

3.1 The tangent solution. According to method the solution of the (15) can be found
by transformation

ul(x'yl t) = Atanﬁ(,uf) (16)

To find the tangentfunction solution we use (16) and it’s derivative (8). Inserting(16)
and (8) into (15)we obtain

(=d — a;0* — ayab — azb*) A tan® (u€) + (a; + a + az) (AP (B — 1) tanf 2 (ué) +
+20u2 % tanf (ué) + MPB(B + 1) tanf*2 (u€)) — (bra + aby)A® tan®# (ug) = 0. 7

Applying the balance method, by equating the exponents of tan, from (17) we define S:
36=+2,> p=1. (18)
Substitute (18) in (17) we getthe next equation

(—=d — a;a? — ayab — azb?)A tan(ué) + (a, + a, + a3)(2Au? tan(ué) + (19)
+2Au? tan3(ué)) — (bya + ab,)A3 tan3(ué) = 0.

Equating the coefficients of each pair of the tangent function, we find the next system
of algebraic equations:

tan(ué): A(—d — aya® — ayab — azh?) + 2Au?(a, + a, + az) =0,

tan3(ué): 2Au?(ay + ay + az) — (bya + aby)A3 = 0. (20)
The system (20) give us
_ d+aia?+azab+azb? _ d+aja?+ajab+azb?
A= i\/ (b1+by)a » U= i\/ 2(aj;+az+az) @0

Substituting the parameters (21) into Eq. (16) and then in (11) we have the tanget
function solution of the two-dimensional NLS equation (1) in the following form

ql(xl y, t) = i ei(ax+by+dt)\/

d+aia?+ayab+azb? ¢ d+aia?+ayab+azb?
(b1+by)a 2(ai+az+az)

(x+y- ct)>, (22)

where ¢ = (2a; + ay)a + (2as; +a,)b, b, = —%. The dynamics of the solution
¢ (x, y, 1) is presented in Fig. 1.
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Figure I — Dynamics of thesolutions of ¢,(x, y, )
with the parameters: a = 1,b =1,d =1,¢ =6,b; = 1,b, = —é..

3.2 The cotangent solution. According to method the solution of the (15) can be found
by transformation

Uy (x,y,) = Acoth (u). (23)

To find the cotangent function solution we use (23) and it’s derivative (10). Inserting
(23) and (10) into (15) we obtain

(—d — a,a® — azab — azh?)A coth (ué) + (ay + a, + az) (Ap?B (B — 1) cotP=2(ué) +
+222 B2 coth (u) + 2 p(B + 1) cotP*2(ug)) — (b + ab,) 2 cotF (ug) = 0. (24)

Applying the balance method, by equating the exponents of cot!, from (24) we define f3:
38=F+2,= B=1 (25)

Substitute (25) in (24) we get the next equation

(—d — a;a? — ayab — azb?) A cot(ué) + (a; + a, + az)(2Au? cot(ué) +

+22p2 cot® (ué)) — (bya + aby) A3 cot (ué) = 0. (26)

Equating the coefficients of each pair of the cotangent function, we find the next system
of algebraic equations:
cot(ué): A(—d — aa® — ayab — azh?) + 2Au?*(a, + a, + az) =0,
cot3(ué): 2Au?(ay + ay + az) — (bya + aby) A3 = 0. 27

The system (27) give us



212 Becmnux Hayuonanvhoti unsceneproi akademuu Pecnyonruxu Kazaxcman. 2023. Ne 4 (90)

d+a;a?+a,ab+azb? d+ajaZ2+ajab+azb?
A=+ u= = . 28)
- (b1+by)a ’ - 2(ag+az+az) (

Substituting the parameters (28) into Eq. (23) and then in (11) we have the cotanget
function solution of the two-dimensional NLS equation (1) in the following form

(b1+b2)a 2(a1+a2+a3)

. 2 2 2 2
q,(x,y,6) = + el(ax+by+dt)\/d+a1a +azab+azb cot (\/d+a1a +azab+azb Gty ct)), 29

where ¢ = (2a; + ay)a + (2as; + ay)b, by = —b3—2. The dynamics of the solution

¢>(x, y, ) is presented in Fig. 2.

Figure 2 — Dynamics of thesolutions of ¢,(x, y, £)
with the parameters: a =1,b=1,d =1,c=6,b; = 1,b, = —%.

4. Conclusion. The tan-cot function methods are applied to obtain the exact solutions
of the two-dimensional NLS equation. The obtained solutions can have an application
to some practical physical problems. The used method is applicable to a large variety of
nonlinear partial differential equations. Furthermore, some graphs of the propagation waves
are presented by choosing the specific values of the parameters.

This research was funded by the Science Committee of the Ministry of Science and
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EKI OJIIHEMJI CBI3bIKTbI EMEC IIPEJUHI'EP TEHAEYIHIH
HAKTDBI INEINIMJIEPI

Coisbigmulk emec Llpeounzep menoeyi @uzukadaevl KAACCUKATBIK MOOenb peminde 3epmmeyoi
Kaoicem ememin e3exmi macene 6onvin madwviiaowsl. Tuicmi MoOenbOiy HAKmMvl WewimMin any 3Kcnepu-
MeHmKe meopusblK Koa0ay Kepcemin Kana KouMai, nNpaKmuKaiblk mMacenenepoi ueutyee Heeiz 6ona
anaowl.

Byn sicymvicma oucnepcuscyl 6ap cbi3blkmul emec opmaoa exi oauemoi coizbikmul emec Llpeounzep
meHOeyIHiy MONKbIHOAPLIHbIY MApaiyblin 3epmmenioi. Haxmol wewimoepoi maby yuliH maHeeHc HeaHe
KOMAaH2eHc yHKYUAIapsl 20ici Konoanvlnaovl. byn adic mamemamuxanvly usukanviy col3bIKmolK emec
menOeynepin weuyde muimoi. Ilepuoomosl morkeiHoap mypinoe apmypii wewinoep anvinovl. [llewin
epaguxmepi YCbiHbINRAH.

Tyitin co30ep.: Haxmol wewimoep, maHeHec-KomaneHec 20ici, eKi emuemoi, CbI3bIKMblK emec
LIpedunzep menoeyi, Kapanaiivim Ougghepenyuanovix menoey, oepoec myviHovl Ou@ddepeHyuanovy
meHoey.
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TOYHBIE PEHIEHUS IBYMEPHOI'O HEJIMHEMHOI'O YPABHEHUSI
IIPEANHI'EPA

Henunetinoe ypasnenue Illpeouncepa xax xiaccuueckas mooensb 8 Quauke A6s1emcs akmyanbHou
npobaemoti, mpedyrowel usyuenus. Ilonyuenue mouHo2o peuienus coomaemcmayowel Mooenu Modxicem
He MONbKO 06ecneuums meopemuyecKkyio no00epICcKy IKCNEPUMEHMd, HO U 0amb OCHOBY OJisl PeuleHUs.
Npakmu4eckux 3a0au.

B oannoti pabome uccinedyemes pacnpocmpanenue o1 08yMepHo2o Heaunelino2o ypasuenus Lllpe-
OuHeepa 8 HeluHeliHol cpede ¢ ducnepcueil. /s NOUCKa MOUHbIX PeuleHull npUMeHeH Memoo QyHKyull
maneenca u Komaneenca. dmom memoo A8IAemcst IPHexmusHbiM NPy peuteHuy HeTUHeUHbIX YPAGHEeHUlL
Mamemamuueckoul pusuxu. Ilonyuenvt pasnuunvle pewienus @ guoe nepuooudeckux goan. Ilpedcmasgnenvi
epapuru pewtenuil.

Kniouesvie cnosa: mounvie pewienus, memoo maneenca-Komanzenca, 08ymepHoe, Henunelinoe ypag-
nenue Illpéouncepa, obvikHOGeHHOE Judhepenyuanvhoe ypagnenue, oup@epenyuaivioe ypasHerue 6
YACMHBIX NPOUIBOOHDIX.



