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ALONG THE PATH OF THE GREAT KAPREKAR:
A-FUNCTION, REPUNITS AND THEIR PROPERTIES

Following the famous Indian mathematician D. Kaprekar, in the paper[5], the author presented a
new method for obtaining integers A(n) = %(n — S(n)) where S(n) - is the sum of digits of the number
N In decimal notation. This A-function turned out to be related to a remarkable class of numbers - the
class of integers R, repunit. In the paper, new properties are found R,. The properties A-function. It
is proved that the set of a-self numbers is infinite and each a-self number has exactly 10 generators.
The hypothesis about the distribution of a-self numbers is justified and formulated. The hypothesis
about the distribution of the number of chains of «neighboring» a-self numbers is justified and for-
mulated and the complete consistency of the two hypotheses is proved. Formulas for the chains of
«neighboringy a-self numbers are found. The multiple relations between the Kaprekar function K(n)
and the function introduced by us A(n). We studied and found all solutions of the functional equation

A(an) = gA(n).
Key words: D.R. Kaprekar, self numbers, repunits, A-function.

1. Introduction. Indian mathematician D.R.Kaprekar discovered several remarkable
classes of natural numbers such as Kaprekar’s Constant[1], Kaprekar numbers[2], Harshad
numbers, Demlo numbers[3].

Another outstanding discovery of D. Kaprekar is the class of self-generated numbers.
It is described by the famous popularizer of science Martin Gardner in his book “Time
Travel”[4]. Let’s choose any natural number n and add to it the sum of its digits S(n). The
resulting number K(n) = n + S(n) is called the generated number, and the original number
is called its generator. Following D. Kaprekar, the author in the paper[5] introduced a new
way of obtaining integers. The difference of a number and the sum of its numbers n — S(n)
is always divisible by 9. Therefore, let us define the new function for obtaining integers as
follows: A(n) = %(n — S(n)) . Similarly to Kaprekar, for the case of the function A(n) the
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classes of a-generated and a-self numbers are defined. The values A(n) are directly related to
the class of numbers R, - repunit. Properties of the class of natural numbers R, - repunit are
well studied[6], [7], [8], [9]. In this paper, 2 more new properties are proved R, (Theorems
3-1 and 3-2), and these new properties R, will be necessary for further investigation of the
properties of the function A(n) and classes of numbers: a-generated and a-self numbers.
During the work, 4 hypotheses are formulated.
2. Notations. Let N = {1, 2, 3, ...} - is the set of natural numbers. Let us denote by
N, = N U {0} - the set of non-negative integers. Throughout this paper the number system
is decimal. Let n € N and
k
n=ay+a;- 10+ -+ a; - 10* =Zal~10", where aj # 0.
i=1

Further, the number d(n) = k + 1 let us call the order of the number n. Hence, the order
of a number n shows the number of digits of the number n in the decimal system. The sum

of digits of a number n denote by
k

SMm)=ag+a; + -+ ay =Zai.
i=0

In the work, the Greek letters o, B;, i to denote numbers:

0<a;<9; 0<B; <9 0<y;<9, where i€ N,.

3. Repunits and their properties. Repunites are natural numbers, the record of which
in the decimal number system consists of only one unit.

n_
General view of the repunit R, = %, n=1273,..
Repunites are related by a recurrence relation:
R,=10"R,_1 +1, n=2734..
or (3-1)
R,—10-R,_1 =1, n=2734..

Repunites are a very interesting class of numbers that have been investigated by many
famous mathematicians [6], [7], [8], [9] and studied for their remarkable properties.
Consider the following numbers, which we will need in our further work.

where n=2, 3, ..., 1< [ <n-1.
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It's obvious that

By 4Gy =9 Ry =9-L2 =107 -1, (3-2)
Let’s define some properties of these numbers.
Motion 3-1.
n-1
Bnlan_g'zRi _ , Wheren=2,3, .. (3-3)
i=1

The proof is carried out by induction on n.
Using the results of Proposition (3-1) we prove the following theorem (3-1):

Theorem3-1. B, ; =R, +n—1, where n=2,3,..., 1<l<n-1
Proof.
n—1 n-—1 -1
Bn,l=Rn_9.ZRi=RTL—9.ZRi+9.ZRi=n+9.(R1+R2+.“+Rl—1)=
i=l i=1 i=1
4o 10_1+102_1+ +1ol-1—1 3
-n 9 9 9 =
10- (101 -1
=n+(10 4102+ + 10" (- 1)) = n+ (9 ) _141-=
=n+10-Rl_1+1—l=n+Rl—l=Rl+n—l.
Theorem 3-1 is proved.
Theorem 3-2.
Chy=10"—R, —n—1+1, wheren=2,3, ..., 1<l<n-1.

Proof. Let’s use formula (3-2) and theorem (3-1):

Coi=10"—=1-By; =10"-1- Ry +n—-D=10"-R —n—1+1

Theorem 3-2 is proved.
The following follows from Theorem 3-1

Corollary 3-1. B, =n+9

Proof. By, =R, +n—2=114+n-2=n+09.

From Theorem 3-2 we easily obtain the following

Investigation 3-2. C, ; < 10™

Proof.Cp; = 10" =R, —n—1+1=10"-1-n < 10™

Proposal 3-2. For any s,t € N the following identity holds:
Rgyr = 10° - Ry + R,
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Proof. Resp = 11...1 =11...100...0 + 11...1 = 10¢ - R, + R,.

s+t N t t
Proposition 3-2 is proved. From Proposition 3-2 we obtain the following
Corollary 3-3. Ry,; — 10 - R, = R,. (3-4)

4. Function A(n) and its properties. The difference of a number and the sum of its dig-
its n — S(n) is a multiple of 9. Therefore, a new function for obtaining integers is introduced
in the paper[5].

A(n) = %(n —S(n)) where n € N, A(n) € N,

Then K K
1 ;
A(Tl) =§ zai- 10‘—zai =
i=0 i=0
k k . k
1 i 10t -1
=§Zcxl(10 —1): a; - 9 =ZaiRi.
i=1 i=1 i=1
Then,
k
An)=aj Ry +ay R, + -+ aj Ry :Za’iRi (4-1)
i=1

From this formula we formulate a property of the function A(n):
Proposition 4-1. The value A(n) does not depend on o units of the number n.
Let’s note that.

A(10%) = R; and A(a;10%) = a;R; i=1,2,..

Now using formula (4-1) we note one more property A(n).
Proposition 4-2. The function A(n) is additive on the digits of the number n € Nj:

A(a'k 10K+ -+ - 10+ ao) =agRy + -+ a Ry =
1
= A(ak . 10") +-+A(a;-10) + A(ay), where A(ay) = 5((10 —ay) =0.

Theorem 4-1. Let d(n) =k + 1. Then Ry < A(n) < Ry, —k—1.
Proof. By formula (4-1)

k
A(n) = Z ai Ry . Therefore

i=1

1) R, < A(n)



162 Becmnux Hayuonanvhoti unoceneproi akademuu Pecnyonuxu Kazaxcman. 2024. Ne 1 (91)

k
i k
2) A(n)S9-ZRi=9- E 109 1=Z(10i_1)=
[ - i=1

i=1
=1

k
—210‘ . 10- (10 —1) ~ 10%*1—-1-9 r -
B - 10-1 - 9 B
i=1

10k+1_1

=<T>—1—k=Rk+1—k—1.

Theorem 4-1 is proved.
Proposition 4-3. Let n = a5 - 105, m = - 10°. Then

1)if as+ s <9, then A(n+m) = A(n) + A(m).

2)if10 < a, + B, < 18, then A(n+m) = A(n) + A(m) + 1.
Proof.

1) Let ag + Bs < 9. Then

A(n+m) = Aas - 105 + B - 105) = A((as + Bs) - 105) =
= (aS+.BS)'RS=as'Rs+.Bs'Rs =
= A(ag - 10%) + A(Bs - 105) = A(n) + A(m).

2) Let 10 < ag + 5 < 18. Then
An+m) = A((as + Bs) - 105) = A(10 - 10° + (a5 + Bs — 10) - 10%) =

= A(105*! + (ay + Bs — 10) - 105) = Ryyq + (a5 + Bs — 10) - R,
= (10Rs+1) + a5 - Ry + Bs - Ry — 10 - R, =

=AMn)+ A(m) + 1.

Proposition 4-4 is proved.
Theorem 4-2. Forany n,m € N

A(n+m) = A(n) + A(m).

Proof. Let dnm)=k+1, m<n.
Then
k

n = z a; - 101, Where a # 0,
i=0
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k
m= 10/, Then
j=1

k k

An+m) =4 Zai-1oi+Zﬁj-101 =
j=1

i=0
k

=A Z(C{i +181) . 10l .
i=0

Let's study the sums of digits at corresponding digits (powers of 10) of numbers n and m:
(243} +Bo, aq +ﬁ1, ey A +ﬁk
If all sums are less than or equal to 9, then according to proposition (4-5)-(1)
A(n+m) =AMn) + A(m).
If at least one sum is greater than or equal to 10, then according to proposition (4-5)-(2)
A(n+m) > A(n) + A(m).

Theorem 4-2 is proved.
Proposal 4-4. For any nq,n,,n3 € N the inequality holds:

A(ng +ny, +n3) = A(ny) + A(ny) + A(ng)
Proof. Let us use Theorem (4-2) twice:
A(ny +ny+n3) = A(n1 +(n, + n3)) >A(ny) + A(ny +n3) = A(ny) + A(ny) + A(ng).
Proposition (4-4) is proved.
Similarly to Proposition (4-4) the following is proved
Theorem 4-3. Let nq,ny, -, ng € N. Then the inequality holds:
A(ng +ny+...4ns) = A(ny) + A(ny)+... +A(ny)

5. A - generated and a — self-generated numbers. Let A(n) = m, where m, n € N,. A
number m is called a - generated number, and the number n is called its a-generator. An a
-generated number can have more than one generator. If a number p has no a - generators,
it is called a-self number. Examples of a-self numbers are: 10, 20, 32, 109, 110, 1108, 1109,
1110 and others. It follows from formula (4-1) that any a — generated number m can be

represented in the form:
k
m= Z al-Rl-
i=1

i
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Theorem 5-1. The set of a-self numbers is infinite.
Proof. Let us show that all numbers of the form

k
p= 2 a;R; —1  are a-self numbers
i=2

Let's prove the opposite. Let a number m is a generator of a number p. According to
Proposition (4-1), we can assume that 3, = 0. Then

k
m = z B; 107
=1

k k
Then, A(m) = p = Z @R —1< Z aR; = A(n), (5-1)
i=2 i=2
k
Where n= Z a;10¢, ay=0a;=0
i=2

From the paper[5] and inequality (5-1) it follows thatm < n.

Given that @y = a; = 0, we obtain.

I(mm)=1=2
It follows from the paper[5] that
An) —A(m) = 1>2 (5-2)
So, p=A(m) and p—A(m)=0.
Then.
k k
Z aiRi -1]- A(m) = O, Z aiRl' - A(m) = 1,
i=2 i=2
A(n) — A(m) = 1. (5-3)

The obtained equality (5-3) contradicts the inequality (5-2). This contradiction proves
theorem (5-1).
Theorem 5-2. Every a-generated number m has exactly 10 a-generators,

Proof. Let
k
m = Z aiRi -
i=1

- is an a-self number. Let the numbers n, and n,, n, < n, be a-generators of a number m:



Zharbolov A. Along the path of the great kaprekar: A-function, repunits and their properties 165

m = A(n,) = A(n,).

Then A(n,) — A(ny) = 0. It follows from Theorem (5 — 1) that d(n, —ny) = 0. This
means that the numbers n; and n, in the decimal notation differ from each other only by
digits in the unit digits.

Thus, the following 10 numbers are a - number generators m:

k

nS:Zai10i+s, where 0 <s <9

i=1
Theorem 5-3. Let wy = 9-10% +9, wherek = 1,2, ....
Then A(wy) = 10 — 1 and A(wy, + 1) = 10k,
Proof. Let’s use formula (4-1):
1 A(wr) =A(9-10°+9)=9 R, +9-Ry =9 R, = 10" - 1.
2. A(wrg + 1) =A(9-10F+1-10) =9 R, +1-R; =10 -1+ 1 = 10%,

Theorem (5-3) is proved.
From Theorem (5-3) and the paper[5] the following follows
Proposition 5-1. Let a number n such that

d(A(n)) = p, where p = 2,3, ...
Then
min{n} = w,_1 + 1, {n} =w,
Therefore
9-10P"14+10<n<9-10”+9.

6. Distribution of a-self numbers. The number of digits in the decimal notation of a

number n let us call the order of the number n and denote by d(n).
1041 < < 104V

With the help of a program in Java and Python language, having investigated all num-
bers up to 10® made the following table of distribution of a-self numbers.

Table 1.
Number of all The number of a-self 0
d(n) numbers of order d(n) | numbers of order d(n) % a-self numbers
1 2 3 4
9 0
2 910 9 10
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1 2 3 4
3 9-10? 9-10 10
4 9-10° 9-10? 10
5 9-10* 9-10° 10
6 9-10° 9-10* 10
7 9-10° 9-10° 10
8 9-107 9-10° 10

Based on the results of the table we can formulate the following hypothesis.

Hypothesis 1. Among all numbers of a given order. d(n) =¢, t > 2, there are
9-10¢1, the number of a-self numbers is equal to 9+ 102, Thus, the number of a-self
numbers of the order t is exactly 10% of the number of all numbers of order t.

7. Distribution of the number of chains of “neighboring” a-self numbers.

Definition. A-self number p; is called a unary a-self if the numbers p, — 1 and p, + 1 are
a-self numbers.

Definition. If all numbers of the set

P = {ps1, Ps1t1, vy Ps1ts—1}, s =2,3,..
are a-self numbers, and the numbers pg; — 1 and ps; + s are a-self numbers, then all num-
bers of the set Ps are called a chain of a-self «neighboring» numbers of length s.
Consider N, = {n € N, d(n) = t} - the set of all numbers of order t. Obviously, the
number of numbers of the set N,is equal to 9 - 10t~1. According to hypothesis 1, the num-

ber of all a-self numbers is equal to the set N, equals 9 - 10t—2,

With the help of a program in Java language having studied all numbers up to 108 made
table 2 of the distribution of the number of chains of «neighboring» a-self numbers N,where
1<t<8.

Table 2.
The number
d(n) | ofall a-self s=1 s=2 s=3 s=4 s=5 S=6 s=7
numbers.
1 1|0 0 0 0 0 0 0 0
2 |9 9 0 0 0 0 0
3 [910 72 9 0 0 0 0 0
4 19.10? 729 72 9 0 0 0 0
5 ]910° 729-10 |729 72 9 0 0 0
6 |9104 729 10?2 | 729-10 |729 72 9 0 0
7 1910° 729 -10° | 729-10% | 729-10 | 729 72 9 0
8 |910° 729 -10* | 729-10° | 729-10% | 72910 |729 72 9
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Having summarized the pattern of Table 2, we can formulate
Hypothesis 2. In the set N,, where t > 5, is the number of «neighboring» chains a-self

numbers of length s are as follows:

Chain lengths s

Number of circuits lengths s
«neighboring» a-self numbers

Numbers of all a-self
numbers, chain lengths s

1 9%.10t-¢ 1.9%.104
2 9%. 103 2-9%.10°
t—4 9%.10 (t—4)-9-10
t-3 9 (t-3)-9
t-2 72 (t-2)-72
t-1 9 (t-1)-9

And the total number of a-self numbers in the set N is equal to:

PO=0t-1)-9+t—-2)-72+(t—-3)-93+(t—-4)-9%-10+ -+
4+2-93-10°4+1-93. 104
Theorem 7-1. The following equality is true
P(t)=9-10"2, t>4

The proof is carried out by induction on t.
Theorem 7-1 shows that Hypothesis 1 is in complete agreement with Hypothesis 2.
8. Formulas for chains of “neighboring” a-self numbers.

Theorem 8-1. All numbers of the form p; = Z{;z o;Ri — 1, where a, # 0 (8-1)
are single a-self numbers.

Proof.

1) It follows from Theorem (5-1) that all numbers of the form (8-1) are a-self numbers.

2-a) Let us show that all numbers of the form

k

p1—1= ZaiRi — 2, where a, > 1,
i=z
are a-generated numbers.
Indeed,
k K
p1—1=2aiRl-—2=Zal-Ri+(a2—1)R2+R2—2=
i=2 i=3

k

=ZaiRi+(a2—1)-R2 +1-9=An,),
i=3
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k
where nl=Zai'10i+(a2—1)~102+1~10.
i=3
So, the numbers p, are a-generated numbers.

2-b) Now we show that all numbers of the form p, + 1 are a — generated numbers.
Indeed,

k k
pL+1l= Z a;R; = A(n,), where ny = Z a; - 10%,

i=2 i=2

n, are a — number generator p, + 1, so numbers of the form p, + 1 are a — agenerated.
The theorem is proved.

Theorem 8-2. All numbers of the set
R

Pz = {p2’1 ; p2,1 + 1} ) where p2,1 = Z alRl - 2! as #0

i=3

They are a chain of “neighboring” a-self numbers of length 2.

Proof.

1-a) Let us show that the number p,, is an a-self number. Let’s prove the opposite.
Let p,, be an a-generated number and the number m, — be its a -generator. Then

K K
A(my) =pyq = Z a;R; —2 =A(n) — 2, where n = z a; - 10%, as #0

i=3 i=3
Hence, we obtain that
An) —A(my) =2 (8-2)

From A(n) > A(m,) and paper[5] it follows that n > m. Since @y = a; = a, =0,
To «difference» of powers of numbers n and m1

I[nymy) =3
Now from Theorem (4-1) it follows that
An) —A(my) =2 l(ny;my) =3 (8-3)

Equality (8-2) contradicts inequality (8-3). The contradiction proves that numbers of the
form p,, are a-self numbers.
1-b) It is similarly proved that the numbers of the form p,, + 1 are a-self numbers.
2-a) Let us show that the numbers p,, — 1 are a-generated.
Indeed,
k K
p2,1_1 =ZaiRi—3=2aiRi+(a3—1)-R3 +R3—3:

i=3 i=4
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k

i=4
k

=ZaiRi+(a3—1)R3+9-11+9-1 = A(ny),
i=4
k
where n1=Zai-10i+(a3—1)-103+9-102+9-10.
i=4
So, the numbers p,, — 1 are a-generated numbers.

2-b) Now we show that the numbers of the form p,, + 2 are a — agenerated numbers.
Indeed, k k

P21 +2= Z aiR; = A(nz), where ny, = Z a; - 10!
i=3 i=3

So, numbers of the form p,, + 2 are a-generated numbers.

Theorem 8-2 is proved.

By examining all single a-self numbers up to 10° with the help of a program in Java
language we can formulate the following

Hypothesis 3. There are no single a-self numbers, except for the numbers (8-1)

k
i=2
By analogy of theorem (8-2) we can formulate the following one
Hypothesis 4. All chains a-self “neighboring” numbers of length s are completely de-
scribed by the multiplicities (7-1)
Po={ps1;p0s1+1L..;ps1+ts—1}, s=2,3,
k
where Ps1 = Z aiRi—s, a1 #0

i=s+1

The truth of these hypotheses 3, 4 is tested by a Java program for a-self numbers up to
108 wheres=2,3,4,5,6, 7.
9. Multiple relationship between K(n) and A(n)
In this part of the paper, we study the multiple relations between the Kaprekar function
K(n) and the new function introduced by us A(n). Therefore, we study and solve EQ:
K(n) = q - A(n), where n,q € N (9-1)

Let’s convert this equation to its equivalent equation:

n+S(n)=q-%(n—S(n)), 9-n+9-S(m)=q-n—q-Shn),
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@+9-Sn)=(q—-9) - n (9-2)

So, equations (9-1) and (9-2) are equivalent. Therefore, to study equation (9-1), we will
often study equation (9-2).

Proposition 9-1. Lett € N and t > 3.

Then the inequality is true:

18t < 10t71,

The proof is easily carried out by mathematical induction by t.
It is easy to establish that the following is true
Proposition 9-2. Let ¢ = 30. Then the following inequalities are true

q+9<2(g—9)

Theorem 9-1. When g < 9 and g = 30 equation (9-1) has no solutions.

1) Let g < 9. Then the left side of equation (9-2) is a positive number, and the right side
is a non-negative number. Therefore, equation (9-2) has no solutionsat g < 9.

2) Let’'ssay 9 = 30

a) d(n) =1, i.e. S(n) =n = ay # 0. Then it follows from (9-2) that

9O+q) - ap=(q—9ay,
9+gq=q-9
9 = -9, contradiction.
In the case of d(n) = 1and q > 30 equation (9-2) has no solution.
b)dn)=2,ieen=a; 10+ a, a; #0.
Then it follows from equation (9-2) that
O+q) (a1 +ag) =(@q—9(a;- 10+ ap),
9a, + 9y + qaq + qay = qay - 10 + gay — 90a; — 9y,
90,9 —99a4 —18ay =0 - a;q—1la; —2a73=0
a,(q —11) = 2a,. (9-3)
By convention g = 30, therefore ¢ — 11 = 19. Thus, the left side of equation (9-3) is
greater than or equal to 19 and the right side is less than 18. Hence, equation (9-3) has no

solution.
c) Let d(n) =t = 3. Thisimplies that S(n) <9+t and n = 10*1.

Now using theorems (9-1) and (9-2) we obtain

1 1
(q+9)~S(n)S(q+9)~9t=§(q+9)~18t<E(q+9)-10t‘1<

1
<520-9-10"1=(q-9) 107" < (g9 n.
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So, we obtain the following inequality
@+9)-S(M)<(@—9) - n.

This inequality contradicts equation (9-2). Hence, in the case of

d(n) =t = 3 equation (9-2) and its equivalent equation (9-1) have no solutions.
Theorem (9-1) is proved.

Proposition 9-3. Let t > 4. Then the following inequality is true:

342(t + 1) < 10%.
We prove the proof by induction on t.
Theorem 9-2. Let n > 10* and 10 < q < 29. Then equation (9-1) has no solutions.
Proof. Let n > 10¢, where t > 4. Then S(n) <9-(t + 1). Then, by proposition
(9-3)
(@+9)-SM) <(29+9)-9(t+1) =
=342-(t+1) <10t <n<(qg—9n.
So, we get the following inequality:
(@+9)-S(m)<(@—-9)n (9-4)
The obtained inequality (9-4) contradicts equation (9-2). Therefore, equation (9-2) has
no solutions at n > 10#. Consequently, the equivalent equation (9-1) also has no solutions
at n > 10*
Theorem (9-2) is proved.
It follows from Theorem (9-1) and (9-2) that the following is true
Theorem 9-3. Equation (9-1) can have solutions only under the conditions when
n<10%and10 < q < 29..

Using a Java program, | found all the solutions to equation (9-1):

q n
10 114, 133, 152, 171, 190, 209, 228, 247, 266, 285, 399
11 10, 20, 30, 40, 50, 60, 70, 80, 90

12 21,42, 63, 84

13 11, 22,, 33, 44, 55, 66, 77, 88, 99

14 23, 46, 69

15 12, 24, 36, 48

16 25

17 13, 26, 39

18 27

19 14, 28

20 29
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21 15
23 16
25 17
27 18
29 19

So, theorems (9-1), (9-2) and (9-3) give the complete solution of the multiple relation
between K(n) and A(n):
K(n) = qA(n) (9-1)

10. Investigation and solution of the functional equation A(qn) = qA(n)
In this part of the paper we study and solve the functional equation
A(gn) = qA(n), wheren,q €N, q =2 (10-1)

According to paper[5] the function A(n) is additive over the digits of the number n:
Alay - 10% + -+ a; - 10+ ap) =

= A(ay - 10%) + - + A(a; - 10) + A(ap), where A(ag) = 0. (10-2)
Similarly to formula (10-2), the following is evident

Proposition10-1.Letn = Z{-‘zo a;- 10, e 0 < ; <9, i=1k Leta;=pBi+vi
where f; =20, y; =20, i=1k. Then.

k k
A(n) = A Zﬁi-wi + A Zn-lO" . (10-3)
i=0 i

Formulas (10-2) and (10-3) will be very useful in investigating and solving the func-
tional equation (10-1).
Definition. Let
K
dn)=k+1, ie n= Z a; - 10¢, where a; — digits of the number n, i = 0, k.
i=0
Let | be the number of digits of the number n, which are greater than or equal to t,

1 <t < 9. Then the number | let us call a vertex of order t number n and denote
ve(n) =L

For example, if vs(n) = 0, then it means that all cirphs of the number n are less than
or equal to 4:

0<a;<4 i=0,k

We first study the functional equation (10-1) in the case when q = 2:
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A(2n) = 24(n), nE€N. (10-4)

Proposition 10-2. Let d(n) = k + 1. Let vs(n) = 0. Then the number n is a solution
of the functional equation (10-4).
Proof. As it was shown above, if y.(n) = 0, then

0<a; <4, i=0k.
Then. 0<2a; <8, i=0k.
Considering (10-5) we obtain
k k
A(2n) = A Z-Zai 10t | =4 Z(Z“i) <10 | =
=0 L=0

k k
= Z(Zal) . Ri =2 al-Ri =2- A(Tl)
i=1 =1

Proposition 10-2 is proved.

4

Proposition 10-3. Let n = ay, - 10¥, where 5 < a < 9. le. vs(n) = 1. Then
A(2n) =2-A(n) + 1. (10-5)
Proof. Let us note that 10 < 2a, < 18, and 0 < 2a; — 10 < 8. Further,

A(2n) = A(2ay - 10) = A((10 + 2a; — 10) - 10%) =
= A(10¥*! + (2 — 10) - 10%).
By virtue of property (10-2)
A@2n) = A(10¥+1) + A (2 — 10) - 10¥) =
= Rpyq + Qg —10) - Ry = (10 + 1) + 2ay, - Ry — 10+ Ry =
=2(ay R +1=2-A(n) + 1.

Proposition 10-3 is proved.
Proposition 10-4. Let n € N such that vs(n) = [ = 1. Then

A2n)=2-A(n) +1, (10-6)

And in this case, the number n cannot be a solution of the functional equation (10-4).

Proof. It is obvious that from formula (10-5) and from property (10-2) of additivity of
the function A(n) on the digits of the number n formula (10-6) follows.

Proposition 10-4 is proved.

Let us combine the results of propositions (10-2) and (10-4) into a theorem.

Theorem 10-1. A number n € N is a solution of the functional equation (10-3) if and
only if
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vs(n) = 0.

Thus, Theorem (10-1) completely describes all solutions of the functional equation
(10-1) in the case g=2.

Similarly to the proof of theorem (10-1) the following theorem is proved

Theorem 10-2. Anumber n € N is a solution of the functional equation (10-1), where
ge{3,4,5,6, 7,8, 9}, if and only if the vertex of the corresponding order of the number
n is zero

ve(n) = 0.
q 3 4 5 6 7 8 9
t 4 3 2 2 2 2 2

Thus, theorems (10-1) and (10-2) completely describe all solutions of the functional
equation (10-1) in the cases where 2 < g < 9.

We now turn to the study of equation (10-1) in the cases when g = 10.

Proposition 10-5. Let

k
din) =k+1, n=2ai-10i u q = 10.

i=0
Then the equation
A(10-n) =10-A(n) (10-7)
has no solutions.
Proof.
k k
A(10-n)=A 10-Zai-10i =A Zai-mi“ =
L=0 L=0
=A(ag- 10+ a; - 10% + - ay - 10¥*Y) = ay - Ry + &y - Ry + -+ &g - Ryy1-
k
10'A(n):10'14 Zai~10i :10'(al'R1+a2‘R2+"'+ak'Rk).
L=0

Consider the difference
A(lO * n) - 10 * A(n) = ao + 0(1(R2 - 10R1) + A + ak(Rk+1 - 10Rk+1)'
It follows from the recurrence relation repunit (3-1) that
R,—10R,_; =1, n=23,..

Therefore.
k

A(lO-n)—lO-A(n)=a0+a1+---+ak=Zal~>0 (10-9)
i=o

So, at ¢ = 10 and for arbitrary n € N we obtain the inequality:
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A(10n) > 10 - A(n).

This inequality shows that equation (10-7) has no solutions.
Proposition 10-5 is proved. Similarly Proposition 10-5 is proved
Proposition 10-6. Let n = ag - 10°, a5 # 0, q = 10. Then
A(gn) > q - A(n) (10-10)

For further investigation it is necessary to remember the property of the function A(n)
B (4-3):

Ang +ny, + -+ ng) = Any) + A(ny) + -+ A(ny).

Now using this property of the function and the proposition (10-6) we prove the fol-
lowing theorem.

Theorem 10-3. Letn € N and q = 10. Then the equation
A(qn) = q - A(n)
has no solutions.
Proof. It is enough to show that the inequality

A(gn) > q - A(n).

Let’s X
n=2ai~10i, ay # 0.
i=0
Next,
K k
Algn) = Alq- ) a;-10' | = A Z(qai) 104 | =
i=0 i=0
K K k
> ZA(qai~10i) > Zq-A(ai-wi) = q-ZA(ai-loi) =q-A Zm-lO" :
i=0 i=0 L=0 i=0

Thus, for arbitrary n € N and q = 10. inequality is proved

A(qn) = q - A(n)
This inequality proves the statement of Theorem (10-3).

So, theorems (10-1), (10-2) and (10-3) give the complete solution to the functional
equation A(gn) = qA(n) (10-1).

In conclusion, | would like to express my gratitude to my supervisor Vice-President
of the National Academy of Sciences of the Republic of Kazakhstan under the President
of the Republic of Kazakhstan, Academician of the National Academy of Sciences of the
Republic of Kazakhstan Dzhumadildayev A.S. for setting the task and for support in writing
this work.
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A. 2KAPBOJIOB

Pecnyonuxanvix puzuxa-wamemamuxa mekme6i, Armamot, Kazaxcman

YJIbl KAIIPEKAP KOJIBIMEH: A-OYHKIUS, PEIIBIOHUTTEP
7KOHE OJIAPAbIH KACUETTEPI

beneini unousnvix mamemamux /[ Kanpexapza cyiiene omuipbin Oyn enbekme OymiH canoapovl
anyouiy ocana 20ici kopcemineen: A(M) =%(n - S(n)) mynoa S(N) — n canvinwy OHOBIK Jicyiiedesi
yugprapinvly KOCLIHObICHL. A-QYHKYUACHL HAMYPAT caHOapObly MamMawia Kiacsl-R, penvlonummep cam-
0apbel JHCUbIHLIMEH MblebI3 Oatiianvicma exeHi anvixkmanovl. Maxanada R.-niy dcaya Kacuemmepi ma-
ObLI0bL. A-631HOIK MYBIHOARAH CAHOAD HCUBIHBIHbIY UWEKCI3 eKeHOiel Jcane apoOip a-myblHOA2aH CAHHbIY
0an 10 eenepamopwi 6ap exerdizi 0anendendi. A-63iHOIK MyblHOA2aH CAHOAPObly MAPALYbl HCAUBIHOAZb
2unomesa HezizoeneeH Jcone OeneiieHzeH.

«Kepwiiy mypean a-63iHOIK MyblHOA2AH CaAHOAp MI30e2iHiy MApaIybl HCAULIHOAZLL 2UNOMe3d
nezizoenzen acane Oencinencen. «Kopwiy mypean a-e3indix myvinoazan canoap mizoeiniy Gopmynacot
anvikmanean. Kanpexep gynryusicer K(N) ocane 6iz encizeen A(N) gyrkyusiapwinbiy apaceinoassl ecenix
Kamoinacmap sepmmenoi sxcane monvik wewindi. A(Qn) = qA(N) gyuxyuonanowix mendeyi zepmmenoi
JICIHE MONBIK WEiNOL.

Tyitin co30ep: /I.P.Kanpexap, 03indik myvindagan canoap, penvionummep, A -@yuxyusi.

KAPEOJIOB AJIHXAH

Pecny6/luKaHCKaﬂ qbu3uKa—MameMamuqecmﬂ wKoia, A/mambz, Kazaxcman

IO IYTHU BEJIUKOTI' O KAIIPEKAPA: A-OYHKIWS, PEIBIOHUTHI
" UX CBOMCTBA

Cnedys uzeecmnomy unoutickomy mamemamuxy /. Kanpexapy, ¢ dannoti pabome npedcmasien Ho-
. 1 .
blil cnocob nonyuenus yenvlx yucen A(n) = 5 (n—Sm)), 20e S(n) — cymma yughp uucra n 6 decsmuunoii
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sanucu. /lannan A-ghynxyus oxazanacs mecho C8A3aHa ¢ 3aMeamenbHbIM KAACCOM HAMYPATbHBIX YUCeT —
MHOMCecmeom yucen R, penvronum. Boiiu Hatidensl Hosvle ceoticmsa R, H3yuenvl ceoticmea A-gyHkyuu.
Hoxazano, umo MHONCECMBO A-CAMONOPOIICOEHHBIX HUCel OECKOHEYHO U KadcOoe a-NopoicOeHHoe
yucno umeem posro 10 cenepamopos. Obocnosana u copmyruposana 2unomesda 0 pacnpeoeneHuu
a-camonopooicoennvix uucen. OOOCHOBAHA U CHOPMYIUPOBANA SUNOME3A O PACHpedeNeHUU KOTUYecmed
yeneti «COCEOHUXY A-CAMONOPOINCOCHHBIX YUCEL U OOKA3AHA NOIHAS CO2NACOBAHHOCHL 08YX 2UNOME3.
Hatioenvt hopmynsl 0151 yeneu « COCCOHUX» A-CAMONOPONCOCHHBIX Yucel. M3yuenvt u notHOCmblo peulervl
Kpammuwvle omuouenus medicody gyuryueit Kanpexapa K(n) u esedennoii namu gynxyueri A(n). Hecnedosa-
HbL U HAllOeHbl 6ce peutenust Pynkyuonanvrozo ypasnernus A(qn) = gA(n).
Knroueswie cnosa: /[.P. Kanpexap, camonopodicoentvie Yucid, penvioHumaol, A-ghyHkyusi.



