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DIAGNOSTICS OF SUBSURFACE OBJECTS USING UNMANNED
AERIAL VEHICLES: USING GENERALIZED FOURIER OPTICS METHODS

1t is shown that there is a variety of subsurface objects, the diagnosis of which can be reduced to
establishing the shape of the interfaces between media with different refractive indices. An example of
this kind of objects are man-made structures created to conduct painful actions, in particular, dugouts,
underground tunnel systems, etc. It is shown that the surfaces inherent in such objects can be represented
through equivalent circuits built on the basis of a set of paraboloids. It is proven that the characteristics of
each of these paraboloids can be determined empirically through the use of analogues of optical systems
operating in the radio range. These schemes are aimed at empirically determining the focal length of
individual paraboloids included in the equivalent surface scheme by scanning the tunable focal length
of the diagnostic system (in the simplest case, a diagnostic lens). It is shown that the application of this
approach is closely related to the establishment of singular points of the wave front (singular points of the
caustic), which are identified by methods of generalized Fourier optics using the stationary phase method.
1t is shown that with this approach, the identification of paraboloids that make up the equivalent optical
scheme of the surface under study becomes unambiguous.

Key words: subsurface objects, radio holography, generalized Fourier optics, focal length, scanning,
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YHIKBIHICBI3 YIIATBIH AIIITAPATTAPABIH KOMEI'ITMEH BETKI
KABAT ACTBIHJIAT'BI OFBEKTIJIEPAI IUAT'HOCTHUKAJIAY:
KAJIBIIIAMA ®YPBE OIITUKAJIBIK 9AICTEPIH KOJLJAHY

Huazno30vl apmypni cuiny Kepcemxiuwimepi 6ap opmanap apacblioagsl unmepgheicmepoiy niwinin
OpHamyaa Oellin azainyaa 601amvlH JHcep KOUHAYbIHbIY apmYpii 00vbekminepi bap exendizi KopcemineeH.
Mynoaii ob6vexminepoiy mvlcansvl peminde Ypblc KUMbIIOAPbL YULIH HCACANAH JHCACAHObl KYPblIblCmap,
aman atmkanoa, OIUHOANCOAP, Heepacmpl MyHHENbOIK Jicyilenepi scane m.o6. Mynoail o6vekminepee mat
bemmepoi napaborouomap HCUblHMwvlbl He2i3iHOe CAlbIHEAH IKGUBALEHMMI CXeMAAP APKbLIbl KOpcemyee
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bonamuinwl kKepcemineen. Ocvl NapaboIOUOMapObly IPKALUCHICIHbIY CUNAMMAMALAPbIH PAOUO OUANA30-
HBIHOA JCYMbLC ICTeUmin ONMUKALIK JiCylienepoily ananioemapuli KOI0any apKblibl IMIUPUKATLIK MYpOe
anvikmayea bonamuliol 0an1en10endi. byn cynbanap ouacHocmuKkanblk JHCyiueHiy (ey Kapanaivim H#ea2iatiod
OUACHOCTNUKANBIK, IUH3A) pemmenemin (POKyCmulK apakaublKmulKmsl CKAHepiey apKblLibl IKGUBATICHINMI
bemmik cxemaza eueizineen dcexe napadoroUOMapobiy (QOKYCMbIK APATbIZLIH IMAUPUKATILIK MYpPOe
anvikmayea bazeimmanzan. byn macindi xonoany cmayuonapnvly azanvix 20icmi KOIOAHY ApKblIbl
orcannviianzan Pypve OnmuKacvlibly 20iCMepPiMeH AHbIKMALAMblH MOIKLIHObIK (DPOHMMbIY epeKue
HyKkmenepin (Kaycmukanvly epexuie HyKmenepin) opnamymeH moi2l3 6aianblcmsl ekenoici Kopcemineen.
bByn macinmen z3epmmenemin 6emmiy 9K8UGAIEHMMI ONMUKANBLIK, CYI0ACHIH KYpatmuli napaborouomap-
Obl aHbIKMAy Oip MA&bLIHANLL OONAMbIHbL KOPCEMINSEH.

Tyitin co30ep: 6emki Kabam acmulioazel 06vekminep, paouo2orocpagusi, deainviiama Pypve onmu-
Kacwl, PoKyCmblK KAUbIKMbIK, CKAHEPNEY, IKGUBATICHINMIK cXeMa, YUKbIUICHI3 YUY annapammapbi.
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JAUATHOCTHUKA NOANNIOBEPXHOCTHBIX OFBEKTOB ITPU ITIOMOIIHN
BECIINJIOTHBIX JIETATEJIBHBIX AIIITAPATOB: UCIIOJIb3OBAHUE
METO/JOB OBOBIIIEHHOHN ®YPBE-OIITUKA

Toxaszano, umo cywecmsyem pasno8UOHOCHb NOONOBEPXHOCTHBIX 0OBEKMOE, OUACHOCHIUKA KOMOPbIX
Mookcem Oblmb c8e0eHA K YCMAHOBIEHUI0 (OpMbl 2PaHUY pasoend cpeod, 00Na0aruWux paziuiHbiMu Koapagu-
yuenmamu nperomnenus. Ilpumepom maxoeo pooa 00beKmog AGIAIMcs PYKOMEOPHbLE COOPYICCHUS, CO30a-
saemvle 07151 Ge0eHus 0egblX OeticmeuUll, 8 YACMHOCIU, ONUHOAICYU, CUCEMbl NOOZEMHbIX MOHHENeU U M.O.
Toxaszano, umo nosepxnocmu, npucyujie makoeo pooa 0ObeKmam, Mo2ym Obims NPEOCMAGIeHbl Yepe3 IKGU-
6aneHmHule cxemul, HOCIMPOEHHbIE HA OCHOBE COBOKYNHOCTU Napabonoudos. [Jokasvieaemcs, umo xapaxkme-
PUCTUKU KAHCO020 U3 MAKUX NAPAOOIoU008 MOy ObIMb ONPeoenetbl IMNUPUYECKU 30 CHent UCHOTb306AHUS
anano2o6 ONMUYecKUx cucmem, GYHKYUOHUpYIoOwWuUx 6 paouoouanasone. Januvie cxemvl OpUEHMUpOBatsl Ha
amnUpuYecKoe onpedenenue QPoKycHo20 paccmosHus OMOEIbHbIX NApPaAbOIOUO08, EXOOSUUX 6 COCINAB HKEU-
6ANIEHMHOT cXeMbl NOBEPXHOCIIU, 34 CYem CKAHUPOBAHUS NEPECMPAUaemMozo POKyCHO20 paccmosHus oua-
2HoCcmupyloueli cucmemsl (8 npocmeliuiem ciyuae — ouazsnocmupyloujeti un3ssl). Iloxasano, umo npumenenue
OaHHO20 NOOX00A MECHBIM 0OPAZOM CEA3AHO C YCMAHOBIEHUEM 0COObIX MOYEK BOIHO8020 (PpoHma (0COObIX
mMouex KayCmuku), Komopule GbIAGIAI0mcs memooamu 0000uennou @ypbe-onmuku ¢ UCnoib306anuem yme-
mooa cmayuonapuol ¢aszel. [lokaszaro, umo npu maxom nooxooe 8vlsieHue napadoIoudos, COCMAaGIAIUUX
IKGUBANEHINHYIO ONIMUYECKYIO CXEM) UCCT0VeMOUl HOBEPXHOCU, CIAHOBUMCSI OOHO3HAYHBIM.

Knwuesvie cnosa: noonogepxnocmmuvie 06vekmol, paouoeonrocpadus, oboowennas Pypve-onmuxa,
gorycroe paccmosnue, ckanuposanue, IKGUBALEHIMHAS cXxemda, OeCnUIOMHbIe TeMamenbHvle annapamsl.

Currently, radio holography methods are being actively developed [1-3], aimed, among
other things, at diagnosing subsurface objects [4,5].

Subsurface objects can have different structures, including objects with pronounced
boundaries that occupy an important place. This partly relates to ore bodies, but the nature
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of the fighting on the territory of Ukraine, as well as the Gaza Strip, shows that remote
diagnostics of man-made subsurface objects (underground premises of Azovstal, converted
into defensive structures in Mariupol, tunnels built by the Hamas movement in the Gaza
Strip) is also of interest Gas, etc.). Such objects obviously have pronounced boundaries,
which, in relation to the propagation of radio waves, become phase boundaries at which
classical phenomena of refraction of electromagnetic radiation occur. There is no doubt
that this fact, among other things, actualizes the creation of groups of UAVs operating as a
systemic whole, for which there are general methodological prerequisites [6].

In [7], it was shown that it is possible to synthesize an analogue of optical systems
through the use of groups of unmanned aerial vehicles (UAVs). In this case, each of the UAV's
performs an operation to introduce a phase shift into the field distribution created when the
object under study is irradiated with radio waves (Fig. 1). Taken together, this approach
makes it possible to synthesize, for example, an analogue of a lens or other optical system
intended for diagnosing a subsurface object. Theoretical justification for the possibility of
using a set of groups of discrete wavefront converters instead of elements such as a lens
was given in [8], where it was shown that the classical Huygens-Fresnel principle can be
reduced to a discrete form. Accordingly, any radiation converter operating in reflection can
be represented by the circuit in Fig. 2.

The discrete form of this principle is of particular interest for the radio range. Indeed, from
the materials of the cited work it follows that the wave field (provided that inhomogeneous
waves characterized by a complex value of the wave vector can be excluded from consideration)
can be reconstructed on the basis of amplitudes recorded at discrete points located half the
length apart waves. In the case when large-sized subsurface objects are studied, it is advisable
to switch to the use of relatively long waves (small-scale inhomogeneities with a characteristic
size of the order of several tens of centimeters are most often of no interest). Accordingly,
analogues of the lenses mentioned above can be assembled based on groups of UAVs spaced
from each other at a distance of several meters or more.

The possibility of synthesizing large-sized lenses based on groups of UAVs, in turn,
creates definite advantages for diagnosing subsurface objects with pronounced boundaries.

Proving this statement and demonstrating the possibility of its practical implementation
is the goal of this work.

Fig. 1 — Carrying out diagnostics of a subsurface object using a group of UAVs.
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Fig.2 — Circuit of a wave converter operating in reflected radiation
(an example of a body with pronounced boundaries).

Starting from Fig. 2, let's consider the situations when radio holographic reconnaissance
is used to study objects that have clear boundaries. Examples in this regard are underground
structures, ore bodies, oil-bearing layers, etc., as noted above.

The conversion of radio frequency radiation in this case occurs at the interfaces of media
with different refractive indices. In the general case, the interaction of a wave oscillation
with the interfaces between media is described by the Fresnel formulas, which, among other
things, show that as a result of such interaction appearance of reflected waves.

Consequently, from the point of view of radio holography tasks, homogeneous objects
of complex shape can be considered as a combination of two reflective surfaces of complex
shape.

Reflection from a system containing two mirrors, generally speaking, leads to interference
effects associated, among other things, with the phenomenon of multipath interference [9].

If, however, the reflection coefficient remains low, which, as follows from Fresnel’s
formulas, is a typical situation, then it is permissible to consider reflective surfaces, which
can be conditionally divided into “left” and “right” separately.

Consequently, the problem under consideration comes down to the question of studying
the geometry of a certain reflecting surface and finding its basic characteristics.

There is, however, an important caveat. The interfaces between media encountered in
practice are, as a rule, close to fractal. More precisely, they have inhomogeneities of various
scales, and the “smallest” inhomogeneities are often not of interest. This nuance is significant
from the point of view of choosing the length of radio waves used for diagnostics.

For a given specific wavelength A, any inhomogeneities (deviations of the reflecting
surface from the plane) can be classified as follows

— large: the characteristic scale of heterogeneity significantly exceeds A;

— average: the characteristic scale is comparable to A;

— small: the characteristic scale of heterogeneity is significantly less than A.
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Inhomogeneities of the latter type are excluded from consideration due to the
choice of wavelength. Under this condition, the wave does not interact with this kind of
inhomogeneity.

The choice of wavelength is therefore dictated by the particular scale of inhomogeneities
that must be identified and characterized. As will be clear from what follows, the most
convenient choice is one in which the characteristic scale of the inhomogeneities of
interest significantly exceeds the wavelength. In many ways, this case corresponds to the
approximation of geometric optics.

Generalized Fourier optics methods [10,11] make it possible to move from a reflective
surface of complex shape to its equivalent scheme shown in Fig. 3; the surface is approximated
by a set of paraboloids, which intuitively seems quite natural.

Fig. 3 — Equivalent scheme of a reflective surface of complex shape.

There is, however, an important caveat. The shape of the surface in question is unknown.
Approximating paraboloids must be found based on measurement data, which forces one to
turn to the use of generalized Fourier optics methods to describe reflection from a surface of
complex shape. This description is as follows [10,11].

To the surface S described by the formula,

z=z(x,y) (1)

a plane wave falls, which, in relation to further considerations, can be conveniently
represented as

f:exp(ik @x+[3y—\/1—0(2—[322% (2)

The minus sign for the square root in expression (2) was chosen in accordance with Fig.
2. It is assumed that the incident wave propagates from right to left, and the reflected wave
propagates from left to right.

On the plane S, given by relation (1), this wave creates the following field distribution

u, = exp(ik @0x+|30y— 1-o? —BSZ(X,V)% 3)

The difference between notation (2) and formula (3) is that in formula (2) z is a variable,
i.e. can take arbitrary values, and in formula (43) z is a function of two other coordinates.
Otherwise, function (2) depends on three variables and describes the field distribution in the
entire space, and function (3) depends only on two variables and specifies the field distribu-
tion on a specific surface. This is what justifies the use of the u;, notation for this function.
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Reflection within the framework of a scalar description (with polarization effects ex-
cluded from consideration) is described through a change in phase by .

Accordingly, the distribution of the “output” field on the surface under consideration is
given by the expression

Upue =—exp(ik[ocx+[3y—1/1—oc2 —B?z(x, y)]) “

The difference between formula (4) and formula (3) is that distribution (4) is formed by
waves belonging to another branch of the spatial frequency spectrum, i.e. waves propagat-
ing in the opposite general direction.

Mathematically, this is expressed in the fact that the spectrum of spatial frequencies of
the field distribution u,,, can be determined through the integral [10,11]

Ay, == [ exp(ikE — ) exp(-ikE + F)dS (5)

Whereé—F=a0X+Boy—mZ(X,W )
E+F=ax+By+mZ(X,y)

For clarity, let us consider the case of the paraxial approximation, when approximately
we can set 1— 0> —B° =1 | which is true at small angles. Then

Ay = =] exp(ik[(et, — o)X + (B, — B)y — 22(x, y)])dlxdy (6)

It can be seen that this is the Fourier transform of the function of the optical thickness
of the mirror, which has the form

T, = —exp(-ik2z(x,y)) (7

Integral (4) allows the following interpretation. The field distribution corresponding to
an individual spectral component is first multiplied by function (7), and then the Fourier
transform is calculated, which corresponds to finding the spectrum of spatial frequencies in
the approximation of classical (paraxial) Fourier optics.

Let us consider the behavior of integral (5), assuming that the inequality holds

a>>\ (8)

where a is the characteristic scale of changes in the relief of the reflecting surface.

Then we apply the stationary phase method to integral (5), which consists of the fol-
lowing.

Provided that the parameter £ is large, which in the case under consideration physically
corresponds to the fulfillment of condition (8), in the integral of the form

3 =—[exp(ikf (x, y))dxdy 9)
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the integrand can be replaced by a Taylor series expansion up to quadratic terms in the
vicinity of the stationary point. The coordinates of this point (x,, y,) are determined from
the condition

of
&(XO’ yo) =0

of (10)
a_y (Xoa yo) =0
Accordingly, the integral goes into
3 =—[exp(K[ f (X, Yo) + ;X + 28, Xy +,,y*T)dxdy (11)
0’ f 0’ f 0’ f
Wh = — ; = ; Ay = —
ere ay; NG . a, oxdy - 22 ayz -

Integral (11) is calculated explicitly. Physically, the meaning of the transition to expan-
sion in the integrand is as follows. Everywhere, except in the vicinity of the stationary point,
the integrand is rapidly oscillating. Accordingly, the contribution from the neighborhood of
all points except the stationary point can be neglected, since rapidly oscillating vibrations
cancel each other out.

Consequently, the stationary phase method allows the calculation of integrals of the
type under consideration to solve algebraic equations.

This condition also meets the expression for the distribution of the field of the wave re-
flected from the surface under consideration. In accordance with the methodology described
above, this distribution can be obtained by passing from the spatial frequency spectrum to
the field amplitude at point T, as

Uy, (1) = —[ [ exp(ikE — ) exp(—ikE + F)dS exp(ikE + F)dz (12)

The stationary phase method is also applicable to this integral, but with the difference
that in this case the integration is carried out over four variables.

To move to an equivalent circuit of a reflective surface of complex shape, the most
essential, however, is the consideration of degenerate stationary points, which, as shown in
[12, 13], correspond to a caustic surface.

As applied to the problem under consideration, the physical meaning of degenerate
stationarity points is as follows. Each local segment of a surface other than a plane can be
considered as a parabolic/spherical mirror. When a plane wave falls on it, it focuses at a
certain point. The set of all such points constitutes a caustic surface. Mathematically, these
are degenerate stationary points for which the determinant of the matrix of second partial
derivatives vanishes. In this case, one cannot limit oneself to the expansion of the phase
function in a Taylor series accurate to quadratic terms, and it is also necessary to take into
account terms of higher orders.

Note, however, that the degeneration of stationarity points can be deeper, i.e. the caustic
surface [13] has its own singular points.
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Physically, such points correspond to the operation of a focusing mirror in the paraxial
optics approximation.

Indeed, let us consider the reflection of radiation from a spherical mirror. If we consider
each of'its local sections as an independent focusing element, then the caustic surface shown
in this figure will be formed.

However, among all such points there is a special one. A spherical mirror achieves
approximately the same focusing as a parabolic one, which can be demonstrated, among
other things, by an elementary construction using geometric optics.

Such a special point corresponds to the focus of a spherical mirror; it is equal to half its
radius of curvature.

Consequently, the approach aimed at identifying degenerate points of stationarity,
developed within the framework of generalized Fourier optics, actually makes it possible
to divide a reflecting surface of complex shape into a finite set of mirrors that are close to
parabolic.

In fact, this means that the surface under study is replaced by a set of areas in which it
is approximated by paraboloids.

The task of radio-holographic diagnostics in this case, therefore, comes down to finding
the parameters and location of each of these paraboloids, for which, among other things, you
can use directed radio beams (more precisely, narrowly directed radiation), which interacts
with a local section of the reflecting surface. It is significant that a group of UAVs is capable
of generating highly targeted radiation of even relatively long wavelengths by ensuring
phase correlation between the emitters. This approach is known to be quite widely used in
practice [14].

We also note that the approximation under consideration differs significantly from the
one used in computational methods. This can be seen most clearly by considering the spline
method. In accordance with it, an arbitrary curve is divided into finite sections, in which it
is approximated by parabolas, and the parameters of the parabolas are selected so that the
curve remains continuous. In relation to the spline method, the division of the curve into
sections approximated by parabolas can be arbitrary.

The method, based on finding increasingly degenerate points of stationarity, makes it
possible to demonstrate that a similar approximation should be chosen based on the type of
surface under study, i.e. the partition shown in Fig. 3 is not arbitrary.

Thus, there is an important class of problems in the field of radioholography that can
be reduced to establishing the geometric characteristics of paraboloids that approximate the
phase boundaries.

To carry out diagnostics based on this principle, in turn, it is important to provide
adequate analysis/classification of caustic points inherent in reflected wave fronts.

This approach, in the future, creates the prerequisites for diagnosing subsurface objects,
which does not require solving problems of mathematical physics designed to describe
the interaction of radio frequency radiation with objects of complex shape. The practical
implementation of this approach can be based on the use of groups of UAVs.
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