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The initial-boundary value problem (Dirichlet problem) for general elliptic-parabolic equations of
second order was first posed by G. Fichera. Further investigation of this problem was carried out in
the monograph by O.A. Oleinik and E.V. Radkevich and the works by V.N. Vragov. In these works, the
authors examined mixed problems for degenerate multidimensional elliptic equations. The articles by S.A.
Aldashev focused on the correctness (in the sense of uniqueness of solvability) of the Dirichlet problem in
a cylindrical domain for multidimensional elliptic-parabolic equations.

A mixed problem for these equations has not been studied. In this paper, the authors demonstrate
the uniqueness of solvability and obtain an explicit representation of the classical solution of the mixed
problem for degenerate multidimensional elliptic-parabolic equations. The proposed method allows
reducing the problem under study to a mixed problem for a degenerate multidimensional elliptic equation
examined by S.A. Aldashev.
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Exinwi pemmi sxcannsl S1munmuKkanio-napadonansi meyoeyiep yuiin 6ipinui uiemxi ecenmi (Jupuxie
ece0i) KoubLibiMbln anzawt pem I Dukepa sncyseze acvipowl. byn ecenmi ooan api sepmmey O.A.Onetinux
nen E.B. Paoxesuumiy monocpaguscvinoa ocone B. H. Bpacosmwvin enbexmepinoe KeumipileeH.
Asmopnapoviyy enbexmepi o3ceuienencen Kon onuiemMoi NIUNMUKATBIK menoeyiepee apHanan apa-
aac ecenmepoi zepmmedi. C.A. Andawesmiy MaxKaiaiapbiHOa KONOIuemMol NIUNMuUKO-napadoLanbix
menoeyrep yuwlin YuruHOpix aumakmaesvl [upuxie ecebiniy Oypvicmoiebl (0ip MaHOI wewimMOniK
MABLIHACLIHOA) 3epmmeo.

bBeneini bonzanoau, 6yn menoeynep ywin apanac ecen sepmmenmecen. byn owcymvic 0ip manOi
AACLIPAMBLMOBLILIKIbL KOPCEMeOi JCaHe 032euieNeHeeH KON O1ueMOl DAIUNMUKO-Napadonanviy meyoeyiep
YWiH apanac ecenmiy K1acCuKaublK, WewiMiHig auKblH KOPIHICT anbiHaobl. YCbIHbLIZAH 20ic 3epmmernemin
ecenmi C.A. Andawes sepmmezen 032eueneneer Kon oauemol dNTUNMuKaIbK, meyoey yuin apanac ecen-
mepee Oetiin azaumyea MyMKiHOIK bepeoi.

Tyiiin co30ep: ecenmiy OYpuiCmblbl, apandac ecen, o32eulesiencel Kon onuemoi meyoeynep, cihepanvli
Gyurkyusnap.
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Jns 00wux 2AIUNMUKO-napadoIUuecKux ypagHeHuil 6mopo2o nopsioKa NOCMAaHo8Ky nepeoll Kpaegol
sadauu (3a0auu Jupuxie) enepsvie ocywecmeun I. Quxepa. /lanvHeliuiee usyuenue 3mou 3a0a4u npuge-
oeno 6 monozpaguu O. A.Onetinuxa u E.B.Paokesuua, a maxace ¢ pabomax B.H.Bpazosa. B pabomax as-
MOPO8 UYHANUCH CMeUannble 3a0ayu 015 GLIPOACOAIOWUXC MHOLOMEPHBIX DNIUNMUYECKUX YPAGHEHUI.
B cmamuvsax C.A.Andawesa 0nst MHO2OMEPHBIX AIIUNMUKO-NAPADOIUYECKUX YPAGHEHUI UCCTe008alACh
KOPPEeKMHOCMb (6 cMblclie 0OHO3HAYHOU paspeuumocmu) 3a0ayu Jfupuxie 6 YyuruHOpuieckou oonacmu.

Hacronvko uzeéecmno, cmewiannas 3adaya 01 dJMux ypaguenuil He uzyyena. B oamnoii pabome
NnoKa3ana OOHO3HAUNAS PAPEUUMOCHb U NOTYYEHO 56HOe NPeoCmasienue KlacCuuecko2o peuleHusl
cyMewannoail 3a0a4u Os GbIPONCOAIOWUXCA MHOCOMEPHBIX INIUNIMUKO-NAPAOOIUYECKUX VPAGHEHU.
IIpeonooicernnulii Memoo no3eosem ceecmu Usyuaemyro 3a0ayy K CMeuwaHHou sadade 0Jisi 8blpoxcoaroule-
20C51 MHO20MEPHO20 ILIUNMUYECcKo20 ypasuenus, uccreoogannoti C.A. Andawesvim.
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Knroueswie cnosa: xoppekmuocms, cMeWanHas 3a0aud, SbipoicOAOWUecs MHOZOMEPHbLE YPasHe-
HUsl, chepuieckue QyHKyuuL.

1. Introduction. A mixed problem for degenerate multidimensional hyperbolic equa-
tions in generalized spaces has been studied by F.T. Baranovsky [1] and M.L. Krasnov [2].
S.A. Aldashev [3] and S.G. Mikhlin [4] have proven its correctness for degenerate multidi-
mensional elliptic equations and obtained an explicit form of the classical solution.

To our knowledge, as applied to degenerate multidimensional elliptic-parabolic equa-
tions, these issues have not yet been investigated.

The present study demonstrates the unambiguous solvability and obtains an explicit
form of the classical solution of a mixed problem for degenerate multidimensional elliptic-
parabolic equations.

2. Problem statement and main results. Let €25 be a cylindric domain in the Eu-

clidean space E,,.; of points (Xi,..,X,,t), bounded by the cylinder I' = {(x,t) : [x| = 1} and the
planes t=o > 0 and t = <0, where |X| is the length of the vector (X,..,X,,1).

Let us denote by Q, and € parts of the domain Q. and by I',,I'g parts of the sur-
face I lying in the half-spaces t>0 and t <0, with O, being the upper and O being the
lower bases of the domain €2 .

Next, let S be the shared part of the boundaries of domains €, and €2, that represents
the sets {t =0,0<|x|< 1} inE,.

In the domain Q,; we consider the degenerate multidimensional elliptic-parabolic
equations:

POAu+u, + Y a,(X,0u, +b(X, D)y +c(x,0)u,t >0,
0= - ; (D
qOAu—u, + Y, d (XD, +e(X,thu,1 <0,
i=1

where  p(t)>0 for t>0,p(0)=0,p(t)e CJ0,a])NC*((0,)),g(t)>0 for t>0,
g(0)=0,g(t) € C([B,0]), and A, is the Laplace operator of the variables X,...,X,,m>2.

Hereinafter, it is convenient to switch from the Cartesian coordinates X,...,X,,t to the
spherical ones r,8,,...,8,, ,,4,r20,0<6, <27, 0<0.<7,i=2,3,..m-1,6=(6,,....0, ,)-

Problem 1. Find the solution of the equation (1) in the domain Q4 for t # 0 from the
class C (ﬁaﬁ) nc@e)nci (e, U ;) that satisfies the following boundary conditions:

ul., = v, (1.6). @

ul, =y, (t.0).ul, =0(t.0), 3)

where 1, (0,0) =, (0,0), v, (B,6) = 9(1,6).
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Let {Yn"m (9)} be a system of linearly independent spherical functions of order
ml<k<k, (m=2)n'k,=n+m-3)!2n+m-2), and let W,(S),/=0,l... be the
Sobolev space.

Thus, there is ([5]).

Lemma 1. Let f(r,0)e W, (S).If [ >m—1, then the series:
w k&
[r8)=33 1 (Y, ), 4)
n=0 k=1
and the series obtained by its differentiation of order p </—m+1 converge absolutely and

uniformly.

Lemma 2. For f(r,0) € W, (S), it is necessary and sufficient for the coefficients of the

series (4) to satisfy the inequalities:

Kk
. 2
|fol(r)|Scl, 22n2’|ﬂ‘(r)| <c, G,C, =const

n=1 k=1

Let us denote by  Wi(rt),d" (rt),en(r,t),dn(r,0),p5, 0. (MW (O, (1) the

m

coefficients of decomposition of the series (4) of the functions d,(r,8,)p,d , p,e(r,0,0)p,

d(r,0,0)p,p(0),i =1,...,m,p(r,0), V,(1,0), y,(t,0) respectively, where p(0)eC”(H) and
H is a unit sphere in E,,.

Let a,(r,0,),b(r,0,1),¢(r,0,) € W} (Q,) € C(Qu), d,(r,0,1),6(r,0,6) € W} (Qy),i = 1,...,
m,l=2m+1, e(r,0,)<0,V(r,0,t) € Q.

Then it is correct.

3m
Theorem 1. If @(r,0) €W (S),y,(t,0) e W} (T,), ¥, (1,0) e W, (Ty), P>~ Problem
1 is uniquely solvable.

3. Solvability of Problem 1. First, let us demonstrate the solvability of problem (1), (3).
In the spherical coordinates, the equation (1) in the domain € takes the form:

LluEg(t)(u,r+ lu ——Su)—u +Zd(r9t)u +e(r,0,)u=0, Q)

i=1

m—1

P

9 | sinmi1 9|, g, =1,g = (sin®,..5in0, ), j > 1
2 sm”’ 76,08, 2,
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It is known [5] that the spectrum of the operator & consists of eigenvalues A = n(n+
+m—2),n=0,1,..., each of them corresponding to k, orthonormalized eigenfunctions

Thus, we can search for the solution of Problem 1 in the domain Q, in the form:

u(r,0,1) = ZZun(r HY!,.(6), (6)

n=0 k=1

—k . .
where u,(r,t) are the functions to be determined.

Substituting (6) into (5) and multiplying the obtained expression by p(0) # 0 and then

—k
integrating over the unit sphere H for u., we obtain [3, 4]:

g(t)pouon poum +(—g(t)p0 + Zdo)uor +eouo +

i=1

2 —k —k
+zz{g(t)p]n{unrr _pﬁunt (_g(t)pn +zd )unr (7)
n=1 k=1

k m _
+[eﬁ 2 et)+ Y (@ - nd,.’;):|uﬁ} =0,
r i=1

Next, let us analyze the infinite system of differential equations:

—1 —1 m—1 —1
gOphn — s + " gphin, 0. ®)
gt —plak+ D gyt 7‘—; g()p'ur = —kl(z d' o + éé&é),n =Lk=Lk,
r r 1 U=l
Kk vk (m=1) Kk —k
O A e O M oot =——Z de ety ©)
n k=1

+[en | +Z(Qm »—(n—=1yd*_ l]un 1},1{:@,;1 =23,...,

If {L_t],:},k 1 kn,n 0,1,... is the solution of the system (8), (9), it is also the solution of
the equation (7).

It is easy to notice that each equation in the system (8), (9) can be presented in the
form:

g(t)(um (=D 4, ﬁﬁ)—ﬁﬁt =7, (10)
r

r
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— —k
where f ]; (r,t) are determined from the previous equations of this system with f,(7,t)=0.

Next, from the boundary conditions (3) and in view of (6) we obtain:

un(r B)= q) (r) u,,(l t)= 1|12n(t)k—1kn,n 0,1,.. (11)

In (10), (11), making a change of variables 1_)}; (r,t)= ;f (r,t) =yt (t), we obtain:

g(f)(nn,, (m=) 5 }”;’5’;)—52=ﬁ(nt), (12)
r r
n(r,B)= ¢! (1), on (L) =0,k =Lk ,n=0,1,.... (13)
R e0=Tatr0 vt + 0w ()= ) v, B)
(A-m)

Making a change of variable 1),, (r,t)=r 2 v'(r,t), problem (12), (13) can be reduced
to the following problem:

Lu’;zg(t)( W+7‘—UJ ot =1 ), (14)
05 (r,B) = 0, (M), VA (L) = 0, (15)
_ — _ _ (m-1
R e =1 T DB =r T g0

The solution of the problem (14), (15) is sought in the form:
V() =), (r, ) + V5, (1), (16)

where v}, (r,¢) is the solution to the problem:

Lok, =l ), (17)
vy, (,B) = 0,v;,(1,1) =0, (13)
and D’z‘n(r,t) is the solution to:
Ly =0, (19)
O, (rB) = 9, (r) . V- (L) =0, (20)

The solutions to the above problems are analyzed in the form:
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DI:I (r’ t) = z Rs (r)Ts (t) ’
s=1
in this, let:

FLr0= T, 0R (6,01 =30, O (),

Substituting (21) into (17), (18), and considering (22), we reach the problem:

7\’11
Rm+r—2Rs+uRS:0,0<r<1,

R.()=0,

R, (0)] <o,
T, +ug®T, =—a,,(1),p<t<0,
T.®)=0,
The bounded solution of the problem (23), (24) is [6]:
R =", (W),

where v=n+

(m-2) )
2 ’l"l_ux,n'

The solution to the problem (25), (26) is:
t B g
T, (0= (exp(-12, [ g©)de) [ a,, E)expu?, [ g(€,)dE,)dE),
0 t 0
Substituting (27) into (22), we obtain:
1 oo 1 oo
P2 = YA, 04,0, 7 6,0 = Y, J,(1,,r), 0<r <1,
s=1 s=1

The series (29) are the decompositions into the Fourier-Bessel series [7] if:

a,,(1)=20J,, ()1 [VEF, €07, (u, E)dE

b, =2[Ja,,)] " [VES, @V, 1, 80,

21

(22)

(23)

24

(25)

(26)

27

(28)

(29)

(30)

€2

where W, ,,s=1,2,..., are the positive zeros of the Bessel functions J (z) put in the

increasing order.
From (21), (27), (28) we obtain the solution to the problem (17), (18):
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o, (r.0) = YT, (07, (1), (32)
s=1
where a_,(t) is determined from (30).
Next, substituting (21) into (19), (20) and considering (22), we obtain the problem:
I;t + Mf,ng(t)Tv = 0’ B < t < 0’ T.v (B) = bs,n

the solution to which is:

Vi
T.,0=b, exp[ﬂf,nfg(s‘)d 5] , (33)

From (27), (33) we obtain:

o B
o, (r.0) =Y b, N [exr) uf,nfg(ﬁ)dijlu (M) 5 (34)

where b, is determined from (31).

Thus, by first solving the problem (8), (11) (r = 0), and then (9), (11), (n = 1), etc., we
are able to consecutively find all functions v (r,¢) from (16), where o (r,1), v}, (r,t) are
defined from (32) and (34).

Thus, in the domain Qﬁ , there is:

[p®)LudH =0. (35)

Let f(r,0,t)=R(r)p(®)T(t), with R(r)€V,, being dense in L, ((0,1)),p(8) € C~(H)
beingdensein L,(H),and T(t) eV, V,—in L,((B,0)) . Then f(»,.0,0)eV V=V, ® H®V,
is dense in L, (€;) [8].

From this and (35), it follows that:

[ (r.0.0LudQy =0
@

and
Lu=0, V(r,0,t)eQ,

Thus, the solution to the problem (1), (3) in the domain €2 is the function:
(1=m)

u(r,6,t)= iz"{w’;n(mw[uﬁ, (r,t)+v’;n<r,t>]}n’fm ), (36)

where vf (r,£),0% (r,t) is determined from (32), (34).
Considering the formula [7] 2J](z)=J,_,(z) — J,,,(2) , the estimates [5, 9]:
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2 T T 1
J = |= ——v——[+0| — [,0=0
»(2) = COS(Z ) 4) (za/z)

m

<en? L j=Lm-11=0,1,.., (37)

q
—Y* (®
ae‘j n,m( )

m-2

<en™

as well as Lemmas and the bounds on the set functions W, (t,8),9(t,0) , same as in [10], we
can demonstrate that the obtained solution (36) belongs to the class C (ﬁg) NC? (€25).
Next, from (32), (34), (36) and with t — —0, we obtain:

u(r,0.0)=1(r.0)= Y S T (1), (0) (38)

n=0 k=1

o (2-m) [ B £
ETRIRWRTIS S [J o XD, | €6 )5 ) +

0

B
+b,, exp(ie, | g(&)d&)]JH(M) (1,,7)
0

2

0,(.0.0) = 0(r0) = 3 3 vt (MY, (8). (39)

n=0 k=1

o (2-m)

=" o &
V() =5, (0= Y r 2 {as,nm)wingm) | as,n(&)[exp(uf,nfg@, )dal)]d&

+u§,ng(0)bx,n (exp Mf,n_'.g(&)d&)] J'H_M (Ms,nr)
0 2

From (30)-(32), (34), as well as the lemmas, it follows that t(r,8),v(r,0) € W, (S),] > 37”1 :

Thus, considering the boundary conditions (2), (38), (39) in the domain €, we come
to the mixed problem for degenerate elliptic equations:

Lu= p(H)Au+u, + Zai(r,e,t)ux’_ +b(r,0,0)u, +c(r,0,0)u=0, (40)
i=1

with the conditions:

ulg =1(2,0), u |, = 0(r,0),u

L =W (59), (41)

The following theorem is proven in [4].
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Theorem 2. If (,0),0(r,8) €W} (S), ,(1.8) W, (T,), >>™, then the problem
(40), (41) has a unique solution. 2
Next, using Theorem 2, we come to the solvability of Problem 1.

Uniqueness of the solution of Problem 1. First, we shall consider the problem (1),
(3) in the domain €, and prove the uniqueness of its solution. For this, we construct the
solution of the first boundary value problem for the equation:

Lv=g(HAv—v - dv, +dv=0, (5%)

i=1

with the conditions:

V], = 7(,8) = T.("Y;,0), o], =0. (42)

a'(x,t)ze_z:dile , where ’_C/;(r)eW, W is the set of functions t(r) from the class
i=1

C([0,1)) " C'((0,1)). The set W is dense everywhere in L,((0,1)) [8]. The solution to
problem (5%), (42) will be found in the form (6), where the functions 1_)1,: (r,t) will be defined

. . . —k .
below. Then, by analogy to the previous section, the functions v, (r,f) satisfy the system

k

of equations (8), (9), where d f,,,dl.’; are replaced with —d fn, —-d, ,and é: is replaced with

dy,i=1omk=Lk, n=0,L...
Next, from the boundary condition (42) and given (6), we come to the following
problem:

bttt ok, + 20t ot =0 @)
i (r,0) = T,(r), V5 (L,1) = 0> (44)
(m-1) (m-1) (m-1)

V(=7 2 V0, (= 2 10T =r )
Thus, we built the solution to the problem (5*), (42) in the form of the series:

(1-m)

w k
O(r,0,0=3 > r 2 [uf,(r,0)+ v, (0], (6)
n=0 k=1

which, given the estimates (37), belongs to the class C (ﬁﬁ) NC' (QuSNC ? (€25).
By integrating by the domain €2 the equation [11]:

VL u —ul,v = —VP(u) +uP(v) —uvQ
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where:

P(u)= g(t)z u, cos(N*,x,),0=cos(N*,t)— z a cos(N*,x,)
i=1 i=1
and N* is the inner normal to the boundary BQB , using the Green’s formula, we obtain:

[2(.8)u(r.6,0)ds =0, (45)

Given that the linear hull of the system of the functions {%i (r)Yn'fm (9)} is dense in L,(S)

[8], we can conclude from (45) that u(»,6,0)=0, V(r,0) € S.
Hence, by the extremum principle for the parabolic equation (5) [12] #=0 in E_Zp .
It follows from this that u,(r,0,0)=v(r,0)=0, V(r,0) € S.

Thus, we arrived at the homogeneous mixed problem (40), (41), which by Theorem 2
has a trivial solution.

Therefore, the uniqueness of the solution to Problem 1 is established.

Since in [4] we obtained an explicit form of the solution of problem (40), (41), we can
also write an explicit representation for Problem 1.
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