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The article considers the eigenvalue problem of the differentiation operator, when the spectral param-
eter is also present in the boundary condition with an integral perturbation, where the integrand has the
property of limited variation and has a value of unity at the ends of the segment [-1, 1]. The derivatives with
respect to the time variable included in the boundary condition naturally arise when solving (by the Fourier
method) initial boundary value problems for evolution equations. The conjugate operator is constructed. It
is shown that the spectral questions of the conjugate operator have a similar structure. The characteristic
determinant of the original direct spectral problem with an integral perturbation of the boundary condition
and for the eigenvalue problem of a loaded first-order differential equation on a segment with a periodic
boundary condition, which is an entire analytical function of the spectral parameter, is constructed. Based
on the formula of the characteristic determinant, conclusions are drawn about the asymptotic behavior
of the spectrum of the original «perturbedy differentiation operator and the loaded first-order differential
equation on the segment. A special feature of the operator under consideration is the non-self-adjointness of
the operator in L,(—1,1). The quadratic proximity of the systems of eigen functions of the «unperturbed» and
«perturbedy differentiation operators and the Riesz basis property of these systems are proved. In this case,
the system of eigenfunctions of the «perturbedy operator is not orthonormal.
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Byn makanaoa ougppepenyuanoay amarblHan myblHOAUMbIH ONepamopobly wWemmix wapmmapol
CNeKmpanovly  napamempmer — Oepinin, UHMeSPAiIOblK — MOIKbIMBLIZAHOAZbL  CHEKMPAloblK — ecedi
Kapacmoipwiizan. Humezpan acmeinoagsl QyHKyus o3eepyi weneneen bonrzanoviesl, [—1,1] kecindicinin
wemxi Hykmenepinoezi MaHi OIp 00N2AHOA&bl «MOIKLIMBLIMALAHY HCIHE «MONKbIMBLIZAHY MeHWIKNI
yuryusnap sxncyienepiniy Keaopammslk HCaAKbIHObI2bL 02Nien0enin, Pucc bazucminiei kopcemineen sxcane
OpmoHOpManan2an Jucyiie 6OIMamoviHObIzbl Kopcemineen. Lllemmix srcagdarioazel YaKwlm auHbIMAIbICHL-
Ha KamulCmbl MybIHOLLIAP I601I0YLUsL meHOeyiepl Yuin 6acmankpl WeKapanvlk ecenmepoi weuty Kezinoe
(Dypowe 20ici botivinwa) naiida bonaowl. Tyilindec onepamop Kypuviiean. Lllemmik wapmma unmezpaniovly
CMONKLIMBLIYLLY Oap 6acmankvl mikeneil CNeKmpaiobl eCenmiy Jcone nepuoomvlK wemmik wapm-
neu Oepineen Oipinwi pemmi dcykmencen Ou@pepenyuanoviy onepamopovly Xapakmepucmuraiblk
AHLIKMAYbIULL KYPLLIRAH. XapakmepucmuKkanblk AHbIKMAaybludmbsly popmyLaculibly ne2izinoe Kecinoioeei
bacmanxvl mixenell «MOIKbIMbIIZAHY ONEPAMopobly JiCoHe JICYKmenzeH mylindec 0onepamopobiy
MEHWIKMI MIHOePIHIY ACUMIMOMUKACHL MYPaibl KOPLIMbIHObL Jicacanadvl. Kapacmulpviivin omvip2an
ecenmiy epexweniei, onviy Ly(—1,1) keyicmicinoezi o3ine-03i myinoec 60aMatmoviHObI2bIHOA OOTLIN MA-
OvLIAObL.

Tyitin co30ep: keaopammulx dHcaxbIiHOBIK, Pucc 6azuci, opmonopmananeanovl, onepamop, moaKuiny,
JcyKmen2eHoix.
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B nacmosweii cmamove paccmampueaemcs 3a0a4a Ha cOOCMBEHHbIE 3HAYEHUs Onepamopa Oudg-
pepenyuposanus, Koe0a CREKMPAIbHbIL NAPAMEmp Maxice NPUCYmcmeyenm u 6 Kpaesom YCI08Ull ¢
UHMESPATIbHBIM 603MYULeHUEM, 20€ NOObIHMEZPALbHA QYHKYU 0bnadaem CEONUCMEOM 02PAHUYEHHOU
sapuayuu u Ha koHyax ompeska [—1,1] umeem snauenue eounuya. B kpaesoe ycrosue xooawue npo-
U3600HbIE NO BPEMEHHOU NePEeMEHHOU eCMeCmEeHHbIM 00pA30M 603HUKAIOM NPU PeuleHuy (Menooom
Dypve) HauanbHO-Kpaesvix 3a0ay Ois IBONIOYUOHHBIX ypasHeHull. TIocmpoer conpaxceHHblll onepamop.
Tokazano, umo cnekmpanbHbie 6ONPOCHl CONPSIICEHHO2O ONEPAMOPA UMEION AHANOSUYHYIO CIPYKMYPY.
Iocmpoen xapaxmepucmuueckuii onpedenumens UCXOOHOU NPAMOIL CNEeKMPATbHOU 3a0adil ¢ UHMeZPalb-
HbIM 8O3MYWEHUEM KPAeB020 YCI08Usl U Oisl 340y HA COOCMEEHHOE 3HAUCHUE HASPYICEHHO20 Oudhe-
PEHYUANbHO2O YPABHEHUs NePE020 NOPAOKA HA OMPe3Ke ¢ NePUOOUUECKUM KPAegbiM YCI08UeM, KOMopoe
AGISEMCS YO AHATUMUYECKOU QYHKYUel Om CheKmpaibHo2o napamempa. Ha ocnose ¢hopmynvl xapak-
mepucmuyeckoeo onpedenumens Oeiarmcs bl600bl 00 ACUMNIMOMUKe CNeKMPA UCXOOHO20 «BO3MYU|eH-
HO020» onepamopa OuphepeHyupo8anuus U HAepyHCeHH020 OUPDEPEHYUATLHO20 YPABHEHUSL NEPBO2O NO-
pAodka na ompeske. OCOOEHHOCMbIO PACCMAMPUBAEMO20 ONEPATOPA ABNAEMCI HECAMOCONPAHCEHHOCHTD
onepamopa 6 L,(—1,1).

Hokasvisaemes keadpamuynas Onu3ocms cucmem coOCmMEeHHbIX QYHKYUL «HEBO3MYUEHHOUY U (803~
MYWEHHOUY onepamopos oughgepenyuposanus u bazuchocmes Pucca smux cucmem. Ilpu smom cucmema
COOCMBEHHBIX DYHKYUL «BOMYUJEHHO20» ONEPAMOpPA He ABNAEMCs OPMOHOPMUPOBAHHBIM.

Knroueswie cnosa: keaopamuunas onuzocmo, basuc Pucca, opmonopmuposanHocms, onepamop, 603-
MYUjeHue, HAePYHCEHHDIIL.

Introduction. The system of eigenfunctions of an operator, formally defined by a self-
adjoint differential expression with arbitrary self-adjoint boundary conditions ensuring a
discrete spectrum, forms an orthogonal basis in the space L,. In cases where the spectral
parameter is also present in the boundary condition, considering the operator problem in L,
becomes impossible, as the spectral parameter should not alter the domain of the operator.

Problems of this type naturally arise when solving initial-boundary value problems for
evolutionary equations using the Fourier method, especially when the boundary condition
involves derivatives of solutions with respect to the time variable. For such problems, based
on the theory developed by A.A. Shkalikov [1], it is known that by removing a finite num-
ber of elements, the system of eigenfunctions and the system of adjoint functions of such
a problem can form a basis with brackets. One of the latest developments in this area is
mentioned in [2].

As demonstrated in [3], the system of eigenfunctions and the system of adjoint functions
of the Samarskii-lonkin type problem forms a Riesz basis in L,(0,1).

Formulation of the problem and the main result. In the work of V.A. Ilyin [4], it was
first noted that a small change in the values of the coefficients of the equations will change
the basic properties of the root functions. This idea was developed in the work of A.S.
Makin [5] for the case of a non-self-adjoint perturbation of a self-adjoint periodic problem,
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and for a loaded second-order differential operator with periodic boundary conditions in the
works [6], [7], [8], [9]. In the work of [.S. Lomov [10], it was possible to extend the method
of spectral expansions by V.A. Ilyin [4] to the case of loaded differential operators.

In [11], the asymptotics of the eigenvalues and corresponding eigenfunctions of the
first-order differential operator are found in the case when the spectral parameter is also
present in the boundary condition with an integral perturbation in L,(-1,1), i.e.

Lu=u'(t)=hu(r), —l<t<l, (2.1)
u(=1)=u(1)+ A [u(r)@(r)dt, (2.2)

where cI)(t) 1s a function of bounded variation and satisfies the condition
CI)(—l):(I)(l):l, (2.3)

A is a complex number representing the spectral parameter, turning the problem (2.1)-
(2.3) into a non-self-adjoint problem. Another variant is perturbation, the conjugate prob-
lem is a loaded first-order differential operator in L,(—1,1). In [12], [13] it is proved that the
asymptotics of the eigenvalues and eigenfunctions of the conjugate problem has a similar
structure. For clarity, we reproduce the main results of the works [11], [12].

Theorem 2.1. [11]. If &(t) is a function of bounded variation and ®(-1)=®(1)=1,
then all eigenvalues of the «perturbed» differentiation operator belong to the strip
|ReA|=|x| <k, for some k, where A =x+1iy .

Theorem 2.2. [12]. Let (I)(t) be a function of bounded variation and satisfy condition
(2.3). Then the eigenvalues of the «perturbed» operator L, form a countable set and the as-
ymptotics has the form A} =inn+ (3(1) as n — <o and the corresponding eigenfunctions of

the operators , and Lf can be represented as
u (1)= v (t)=C-e"™-e", VC>0.

The problem statement and the main result of this work involve the investigation of the

basis properties of the systems of eigenfunctions {u(l) (t)} and {V,(:) (t)} of operators L, and

n

L . These systems exhibit fundamental differences from previous works [11], [12], [13],
following the generalization of the spectral nature.
In the case when @(t)=0, an «undisturbed» spectral problem arises as

Lu=u'(t)=hu(r), —1<t<l, u(-1)=u(1) (2.4)

The characteristic determinant of the spectral problem (2.4) is given by 4, (7\) =e ' —¢
, an entire function in the form of an exponential quasipolynomial. Entire functions of this
class have been studied in many classical works [14], [15], [16].
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The zeros of the integer function A,(A) are the numbers AY =inw, n=1,2,3,..., which
adequately define the eigenvalues of the operator L,. In this case, the eigenfunctions of the
«undisturbed» operator are ., (t) =C-e"™, v >0, which forms a complete orthonormal

system [17], [18] and form a Riesz basis in L,(—1,1) [19].

It will be demonstrated that the function systems and are quadratically close in
Ly(—1,1).

Indeed, we have [17]

2

1 0 1 0

n=1 n=1

2
By decomposition et —1=A+ o1 +..., therefore e* —1= O(k). Direct computation

L . 1 .
Taking into account the asymptotics of (_)(—) , we obtain that

1

ems (o< =0 1)

yields the estimate |1, — 4,

n

n

- , =
1 o] _
Z“n_”no —2

n=1 n=1

1 0
vn - unO

2 =1
<C- — < o0
- 2

;n

that is, systems of functions {u} (¢)},{v, (t)} and {upy (1)} are quadratically close.
Thus proved
Theorem 2.3. The systems of eigenfunctions {u,'q (t)}, {V,l, (t)} , of the «perturbed» op-

erators L, and L, are quadratically close to the system of eigenfunctions {ufo (t)} of the
«unperturbed» operator L.

From this, it follows that

Corollary 2.1. The system {ui (t)}, consequently, the system {V,ll (t)} form a Riesz ba-
sis in L,(—1,1), but they are not orthonormal.

Spectral issues of a first-order differential operator in terms of the completeness of the
system of eigenfunctions was studied in the monograph by A. Shaldanbayev [20]. For a
third-order operator, issues related to the study of zeros of the entire functions in the form of
quasipolynomials were explored in the works [21], [22], [23]. The question of the basisness
of the Sturm-Liouville operator with integral perturbation of one of the boundary conditions
was investigated in the works [24], [25], [26].

In conclusion, it is worth noting that the author is grateful to Professor M.A. Sadybekov
for discussions and attention to the work.
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of the Republic of Kazakhstan AP09260752.
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